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What you need to know

By the end of this topic you should be able to:

1. Explain what a derived function is. The gradient of a curve changes from point to point; the derived
function (the derivative) gives that gradient for every x. You need the idea of a limit only informally: you will
not be asked to differentiate from first principles.

2 2
2. Read and write the notation: f'(z) and f"(z); % and % where % means a (Z—y) ;and dz, oy for
i T T

dz T
1) d
small changes, with %Y — it asdézx — 0.
ox dz
3. Differentiate the standard functions x" (for any rational n), sin z, cos z, tan x, e* and In x, together with

constant multiples, sums, and functions of a function (the chain rule), such as (3z2 4 1), sin 4z or e?* 1.

Angles are always in radians.

4. Differentiate products and quotients of these functions with the product rule and the quotient rule.

Exam questions on this topic often go on to use the derivative: to find a stationary point, a tangent or normal, a
small change or a rate of change, or to integrate "hence". Those methods belong to Applications of
differentiation and Integration; "How to do it" (type 1 and type 4) gives the short version you need to finish
these questions.

Understand it

The gradient of a curve

A straight line has one gradient. A curve does not: it is steep in some places and flat in others. The gradient of
acurve at a point P is the gradient of the tangent there, the line that touches the curve at P and runs in the
same direction asiit.

You can't find the tangent's gradient from two points, because you only know one point on it. So take a second

0
point Q on the curve, a small step dz along from P, and find the gradient of the chord PQ: 5—y Now slide @
€T

towards P. The chords turn towards the tangent, and their gradients settle on one number: that number is the
1) d

gradient at P. In symbols, Y Y asor 0.
ox dz
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Chord gradients:
PQ, 0.549, PQ, 0.693, PQ, 0.811
As Q slides to P they approach 1

Ony = Inz with P(1,0), the chord gradients are 0.549, 0.693, 0.811 and, with @ atz = 1.1, 0.953. They are
heading for 1, and indeed the gradientof Inz atx = 1is % =1.

The derived function

Doing this at every point gives a new function, the derived function (or derivative), written f—lg or f'(z). Putina
value of  and it gives the gradient of the curve there. % is one symbol meaning "the rate at which y changes
as x changes"; it is not a fraction you can cancel.

y=sinx
A
14 - >=0O~=<_- gradient0
downhill
uphill :
i » X
(TT/2 m 21
-1- = - gradient0
gradient = cos x
A
1 -
positive 51-r/2 371/2 positive
T T » X

'IT 2m
negative
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The picture shows why the derivative of sin z is cos . Where sin x climbs, the gradient is positive; at its peak (
T = %) and trough (z = 37“) the tangent is flat, so the gradient is 0; where it falls, the gradient is negative. The
gradient is steepestat x = 0, 7 and 27, with values 1, —1 and 1. That is exactly the graph of cos x. This only
works when z is in radians, which is why calculus always uses radians.

2
Differentiating a second time gives the second derivative, Z_m% or f"(z): the rate at which the gradient itself
2
changes. For example, y = z* — 4e?? gives % = 3z% — 8¢** and j—m% = 6z — 16>,

The standard derivatives

You must know these six results by heart; none of them is printed in the exam.

y &y

dzx
z" nz™ !
sin x CoS T
Ccos T —sinzx
tan x sec? x
e” e”
Inz l

T

A constant multiple stays in front, a sum is differentiated term by term, and a constant on its own gives 0.
Rewrite roots and fractions as powers first: 5z* — & + 2/z = 52 — 627! + 2z'/2 differentiates to 20z* +
6z 2 +z /2.

The chain rule: a function of a function

(ar:2 + 5)6 is built in two layers: first work out the inside, u = 22 + 5, then apply the outside, u5. Each layer
changes at its own rate, and the rates multiply:

dy dy o du

de du  dz’
In practice: differentiate the outside as if the inside were a single letter, then multiply by the derivative of
the inside.

o (22 +5)% = 6(z% +5)° x 2z = 12z(x* + 5)°

—Llgipz
5 Sin 5

 sin4x — cos4x X 4 = 4cos4z,andcos 5 —
e tan(3z — 1) — 3sec?(3z — 1)

2 2 ..
o 272 5 _2¢572% ande® Tl — 2267 TL: ¢™ide gtays the same and is multiplied by the inside's

derivative
In(3z —2) = ’ andIn(z? +4) — T . In(inside) gives inside’
z—2 x? +4 inside
+ sin®z = (sinz)® — 3(sinz)?cosz = 3sin’ zcosz
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Two shortcuts with logarithms. In(kz) = In k + In z, so its derivative is just 91; (forexample, In 72z — %). And
use the laws of logarithms before differentiating a log of a product, quotient or power: In ((295 — 1)3\/5) =
3In(2z — 1) + § Inz, which differentiates to ;-5 + 5-. Never splitIn(a + b): itisnotlna + Inb.

The product rule

When y = uwv, with v and v both functions of z, both parts change, and each contributes:

"First times derivative of second, plus second times derivative of first." Fory = z2 cos z: u = 2%, v = cos z, SO

% = z%(—sinz) + cosz(2z) = 2z cos x — x* sin z.
Fory = €3 cos z: % = €3 (—sinz) + cos z(3e3*) = e>*(3 cos x — sin ). Taking out the common factor e>*
makes the answer easier to use.
The quotient rule
Wheny = E:
v
du dv
d (u) Y Y4z
dz \v/ v2 )
The order matters because of the minus sign: bottom times derivative of top, minus top times derivative of
3
bottom, all over bottom squared. Fory = iL:
e+ 1
dy (2®+1)(1) = (z+3)(2z) 1—6z—2a’
dr (2 +1)2 (22 +1)2

You may instead write a quotient as a product, u x zfl, and use the product and chain rules; both earn full

marks. But if the top is just a number, don't use either rule: 5 = 3(4z — 1)~2 needs only the chain

_3
(4z — 1)
rule.

Key facts and formulas

The syllabus says no calculus formulas are given in the List of formulas, so every result here is "Learn it".

Formula Status
d 1 . Learn
—(z™) = na™ !, forany rational n
dz it

d
—(sinz) = cosz, — (cos ) = —sinz, — (tanz) = sec? z (z in radians) Learn
dz dx dz it
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Formula Status
%(e“”) =e€”, %(lnw) = i :;earn
Constant multiples and sums: % (kf(z) + g(z)) = kf'(z) + ¢'(z); a constant gives 0 :;earn
Chain rule: Z—Z = Z—Z X % :;earn
% f@ = f/(z)f@), % In f(z) = J;I((;j)) :;earn
di sin(az + b) = acos(az + b), dim cos(az + b) = —asin(az + b), :;earn
e tan(azx + b) = asec’(az + b)

Product rule: %(uv) = uzli—:; + v% :;earn
Quotient rule: % (%) = U%’U;ng_; :;earn
d’y _d <@> Learn
dz?2  dr \dz it
Small changes: 0y ~ j—z dx; rates: % = % X z—f :;earn
Rewrite before differentiating: /z = z'/%, L =z, e = k(az + b)~1% sec’z = —L— andsec’z =

1 + tan? z (from Trigonometry).

Howtodoit

In the Paper 1 and Paper 2 questions we have tagged for this topic (53 questions, 2021-2025), the types
came up this often. Most questions ask you to differentiate with one rule and then do something with the result,
so 50 of the 53 mix two or more types and the counts add up to more than 53.

Question type Questions
Using the derivative in a later part (stationary points, tangents, small changes, rates) 29
Differentiating a quotient 24
Differentiating a product 19
Differentiate, then "hence" integrate 19
Showing that % can be written in a given form 18
Chain rule and standard derivatives on their own 13
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Question type Questions
Exact value of % at a point 6
Equations involving the derivatives 4

1. Using the derivative in a later part (29 questions)

The first part asks for % (often "show that"); the later parts use it. Always use the given form from a "show that"
part, even if you didn't manage to reach it.

« Stationary points: set 49 = 0. Afactore " is never 0, and a denominator can't make a fraction 0, so only
the numerator's other factors matter. For —2 =(4—z)e ~2/3_the only solutionis z = 4. Find y by
substituting into the curve's equation, exactly if asked. Reject any z outside the domain (for example one
that makes a logarithm's inside negative), and say why.

« Tangent or normal at a point: gradient m from L otheny —y; = m(x — xl)' for the normal use —l

« Small changes: "z increases fromatoa + h, where his small" means 6y ~ 5% x h, with —9 worked out
atz = a.Fory = 22 + % atz = 2: & T =2z - ﬁ = 3,s0 0y ~ 3h. If you are given dy and asked for the
changeinz,use dx ~ dy + %.

. Rates of change: ; dy % d—’” . Ify isincreasing at 6 units per second at a point where %9 = 3,then

dt =6+-3=2 unlts per second "Decreasing" means a negative rate. A negative answerfor S; means

is decreasing.

» Velocity: if s is a displacement in terms of ¢, the velocity is ‘fl‘z, "never at rest" means showmg can never

be 0.

« Nature of a stationary point: check the sign of 431 £ just either side (fora maximum it goes +, 0, —; fora

minimum —, 0, +), orflnd there (negative means maximum, positive means minimum).

2. Differentiating a quotient (24 questions)

1. Name the parts: u = top, v = bottom. Write down & i L and j” separately first, using the chain rule where

needed.
du dv

v
2. Substitute into —22——9~ with brackets round every part.
v

3. Simplify only as far as the question needs. "Find f—ﬁf " accepts an unsimplified correct answer; a later part
may need it tidier.

Variations you will meet:

In(1+23)
Vz
2
VT X 13fx3 . Leaving a fraction inside the big fraction is fine.
4z
e
« An exponential on top, such as o5z : j—;‘ = 4¢**; take out €** as a common factor at the end.

« Alogarithm on top, such as :the top's derivative is so the first term of the numerator is

1+ 143

o Atrigonometric quotient, such as (Example 3): look for sin’® z + cos? z = 1in the numerator.

sinx
24+ cosx
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z?sinz

1 : the top needs the product rule first (v’ = 2z sinz +

e Products inside a quotient, such as sy
e
z2 cos z), then the quotient rule.

. z+2\° . . 9 . .
e A power of a quotient, such as po— : chain rule outside (3(. . .)? x), quotient rule inside.

3. Differentiating a product (19 questions)

1. Name the parts: u and v. Write 2% and 2 first.
dy _ , dv du . . . .
2. o =ug tug add, never multiply the two derivatives.
3. Take out any common factor, especially if a later part solves % =0.

Watch for the product that hides: e2* Inz, z In(z + 4), v/Z cos 3z, (2z — 1) tan z and tan x cos 2z are all
products. A number in front, like 5e2*, is not a product: it is a constant multiple. A product of two brackets like
z*(z — 1)" can be done with the product rule; factorise the answer, z(z — 1)*(2(z — 1) + 4z) = z(z —
1)3(6z — 2).

4. Differentiate, then "hence" integrate (19 questions)

"Hence" means the integral comes from reversing your derivative, not from a new method. Integration is the
reverse of differentiation: if £ F(z) = f(z), then [ f(z)dz = F(z) + c.

1. Write the result of the first part as an integral: [ (your g—g) dr =y +ec

2. Splitit so that the integral you want stands alone. Move the other terms across; they are usually easy to
integrate.

3. Adjust for any constant multiple, add +-c for an indefinite integral, and substitute limits if there are any.

For example, - (cos* z) = 4 cos® & x (—sinz) = —4 cos® x sin z. Reversing, and dividing by —4:

1
/COS3JISID.’L'd$ = _Z COS4.’L' +c.

When your derivative has two terms (as a product-rule answer does), the integral you want is one of them:
write the other term on the other side and integrate it separately.

If the derivative is a multiple of the integrand, divide: when - (In(...)) = 2 x (integrand), the integral is
% In(...) + c. Anidentity can help: since % (tanz) = sec?z = 1 + tan? z, a derivative in terms of tan z can
be reversed to integrate tan? expressions.

5. Showing that Z—g can be written in a given form (18 questions)
The printed answer tells you where you are going: work towards it and show every step.
1. Differentiate carefully (types 2, 3 and 6).

2. Roots and negative powers: multiply the top and bottom of the whole fraction by the same root, or take

vz +9

out the lowest power of each bracket as a common factor. Fory = ——:
T
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Z

R R g
dy_m VzZ + 9 m+9_a:2—(m2—l—9)_ -9
dx 2 z2vVx? +9 222+ 9’

multiplying top and bottom by v/ 22 + 9 in the second step.

3. Common factors: take out e -, a power of a bracket, or a trig function, and collect what is left into a single
bracket such as (Az + B).

4. Match your final line exactly to the given form, then state the constants:"A = —3, B = —4".

2

X X
Sometimes it is easier to simplify y first. T\/_ splitsinto x — 6m‘1/2, which needs only the power rule;

and a log of a product or quotient splits by the log laws before you differentiate.

6. Chain rule and standard derivatives on their own (13 questions)

1. Rewrite as powers (roots, reciprocals) or split logs with the log laws.

2. Spot the inside and the outside. Differentiate the outside, keep the inside unchanged, multiply by the
inside's derivative.

3. For more than two layers, keep multiplying: sin?(3z) = (sin 3z)? — 2sin 3z x cos 3z x 3 =

6 sin 3z cos 3x.

Variations: "in terms of tan 2" means using sec2 z = 1 + tan? 2 on your answer; "simplify" a log derivative

423422 4z? +2

such as > means cancelling the common factor z in top and bottom, giving =+—=; a trig reciprocal such

as (cos )~ is a chain rule job, not a quotient.

cos3 T

7. Exact value of %;f at a point (6 questions)

1. Differentiate and write the derivative down before substituting; the value alone earns little.

2. Substitute the value of x and simplify exactly: use exact trig values at ’g Z g (radians), e’ = 1,In1 = 0.

3. Put the answer in the requested form. For "in the form In p", use the log laws: —% In8 =1n8 23 =1In }I

On the non-calculator paper (Paper 1) show each simplification step.

8. Equations involving the derivatives (4 questions)

+ Solve an equation made from jy, usually a trigonometric one. Fory = 4sinx — cos 29@ =4cosx +

2sin2x = 4cosx + 4smm cosz = 4cosz(l + sinz). Settingitto 0 gives cosz = O orsinz = —1, so
for0 <z <2max=27% or . Use identities to reach one function, and give answers in the range asked for,
in radians unless the questlon uses degrees.

« Find constants from arelation that holds for all z. Work out y, 2 —3 and d—%, substitute them into the
relation, and match the coefficients on both sides. Fory = e** and 5121 — 53‘% + 6y = 0: k*e*® — 5kek® +
6e** = 0,and e** £ 0,s0k? — 5k +6 = 0andk = 2or3.

« Show that a combination of y and its derivatives simplifies to a given expression: substitute, put
everything over a common denominator, and simplify towards the printed answer.
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Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

+ M1 method mark: for a correct method, even if the numbers slip.
o Al accuracy mark: for a correct answer; it needs the M mark before it.

« B1 mark for a correct result on its own, with no method needed.

Example 1

Differentiate with respect to x:

6
J1 — 4z

(b) esin 2z [2]

(a) [2]

(c) In(cos x), simplifying your answer. [2]
(a) Rewrite as a power: 6(1 — 4z) /3.

dy _
dr

B1for k(1 — 42)~/3, B1for k = 8 (the x (—4) from the chain rule makes it positive).

6 x (—1) (1 —4z) % x (—4) = 8(1 — 4z) /3.

(b) The inside is sin 2z, with derivative 2 cos 2x:

¥ _ 2 cos 2z S22,
dz

B1 for e 2% multiplied by something, B1 for 2 cos 2.

. .d !
(c) In(inside) gives 1'ns1. °.
insid
dy —sinz
— = = —tancz.
dx cos T
—sinzx
B1 for ,Blfor —tanz.
Ccos T
Example 2

A curve has equation y = e~ * sin 2z.

(a) Show that the gradient of the curve at the point where o = % is —e /4. [4]
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(b) Find the z-coordinate of the point with0 < x < g where the gradient of the curve is 0. Give your answer

correct to 3 significant figures. [3]
(a) Product rule withu = e™®, v = sin2z: % = —e " and ¥ = 2 cos 2z. B1 for both.

dy _
de

M1 for the product rule with the right structure, A1 for a correct derivative.

e “(2cos2z) +sin2z(—e *) = e “(2cos 2z — sin 2z).

Atz = 7:cos§ =0andsin § = 1,s0

dy —7/4 —m/4
i TI' 0—1 - — ﬂ'/.
o —c )=—e

A1, with the exact values shown (a "show that" needs the working).

(b) e™* > 0forevery z, so the gradient is 0 only when 2 cos 2z — sin 2z = 0. M1 for setting the bracket to 0
and dismissing e ”.

sin2x = 2cos2x = tan2z = 2.

M1 for reaching tan 2z = 2 and taking tan—! in radians.

<< % means 0 < 2z < 7, and there tan 2z = 2 onlyat 2z = 1.1071,so z = 0.554. Al

Example 3

) sin
A curve has equationy = 2t cosz’
COS x

d A B
(a) Show that &y _ L£CosT +

dr (2+—)2 where A and B are integers to be found. [4]
Z Cos T

(b) Find the exact values of z, for 0 < a < 27, at which the gradient of the curve is 0. [2]

(c) A point moves along the curve so that its z-coordinate increases at a constant rate of 0.3 units per second.

™
Find the rate of change of its y-coordinate when ¢ = 3 [2]

(Q)u=sinz,v = 2+cosw,so% = cos z and 3—; = —sinz.B1

dy (2+cosz)cosz —sinz(—sinz)

dzx (24 cosx)?

M1 for the quotient rule with the right structure.

B 2cosx + cos? z + sin® z _ 2cosz+1
(2 + cosx)? (2 +cosz)?’

using cos? = + sin? = 1. Al for the correct derivative, Al for A = 2, B = 1 with the identity shown.

(b) The denominatoris never 0 (itis atleast 1),so2cosxz + 1 = 0,cosz = —%. M1
B 27 ofm — 4 Al
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2x 41 2
(c)Atz = T:cosZ =1 so dy _ 2 t1_ = 0.32.
3 32 dr (2%)2 6.25

% = % X C;—j = 0.32 x 0.3 = 0.096 units per second.

M1 for the chain rule with % = 0.3 and their gradient, Al

Example 4
xZ
Itisgiventhaty = In | — |, f > 0.
is given that y n(m) orr
1
(a) Show that @ M where k is an integer to be found. [4]
de z(dz+1)

(b) Explain why the curve has no stationary points. [2]
(a) Split with the log laws first:
_ 2 1/2 _
y=Inz’—In(4z +1)"* =2Inz — ;In(4z + 1).
B1 for a correct split.

dy

4 2 2

4:1:+1::1: iz +1°

dx
M1 for differentiating In(4x + 1) as ——

2 1
- — - X
r 2

o +1 (or any multiple of ) A1 for the whole derivative.

24z +1)-2z 6z +2 _2(3a:—|—1) b2
r(dz+1)  z(dz+1) z(dz+1)’ -

Al

(You could differentiate In (\/f:ﬁ) with the chain and quotient rules instead, but the log laws make it much

shorter.)

d
(b) A stationary point needs d—y =0,s03x+1=0,givingzr = —%. M1 for setting the numerator to 0.
X

d
But the curve is defined only forz > 0,andthere3z +1 > 0,z > Oand4x + 1 > 0, so % > (forevery x in

the domain. The gradient is never 0, so there are no stationary points. Al for rejecting x = —% with the reason.

Common mistakes

« Leaving out the chain rule. sin 3z becomes 3 cos 3z, not cos 3z; e** becomes 4e%*, not e** or 4ze3* (the

power of e never drops by one). Examiners see these every year, and the error then spoils every later part.

* Getting the quotient rule backwards. The numerator is vd — uj” ; swap them and every sign changes.

Also don't forget to square the bottom, and never differentiate top and bottom separately.
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Missing a product. /z e?® or 2 sin 3z needs the product rule; differentiating each factor and multiplying
is wrong, and so is subtracting the two terms instead of adding. A product inside the numerator of a
quotient needs its own product rule.

Missing brackets. For %, write (22 + 4) (325) — In(3z + 1)(2z) with every bracket. Missing

brackets are the main source of sign errors in quotient-rule answers.

Using the quotient rule when the top is a number. 0 7 IS 5(21: — 3)*4; the chain rule is quicker and

2x5 3)
safer. When the power is negative, it goes down: —4 — 1 = —5.

Breaking the log laws. ln(:Jz:2 + 5:}0) is notln z2 + In 5z. The laws split products, quotients and powers
only.

Degrees in calculus. Every derivative of sin, cos and tan assumes radians. Set your calculator to radians
and give angles in radians.

Not showing the derivative. Finding a gradient with a calculator's numerical derivative, or from a chord
between two points, earns nothing. Write % out in full, then substitute, and show the substitution.
Simplifying badly. Many candidates reach a correct derivative, then make an error "tidying" it, which then
spoils later parts. If the question only says "find", you may leave it unsimplified. In a "show that", take out
common factors instead of expanding everything.

Ignoring "hence". Integrating a product "term by term" or restarting with a new method gets no credit.
Reverse your derivative, and remember +c.

Writing ambiguous products. Write e** sec? z, not sec? x €** run together so it looks like sec? (ze??).

How to get the marks

Each part of a derivative earns its own mark. Mark schemes typically give B1 for differentiating an inner

function correctly (such as £ In(52 + 1) = 1%

structure, and A1l for everything else right. Write down = and so the examiner can award them even if a

), M1 fora product or quotient rule with the right

later slip happens.

Method marks follow through. A wrong inner derivative put correctly into the quotient rule still earns the
M1, so keep going.

"Show that" means the answer is printed. Every step must be visible, the last line must match the printed
form exactly, and you must state constants such as A and B. Otherwise the final Al is lost.

"Hence" means you must use the result just found. For "hence find f", start from your derivative, not a
new method.

"Find the exact value" means surds, fractions, 7, e and In: no decimals. If a form such as In p is asked for,
use the log laws to reach it.

Paper 1 is non-calculator. Show exact trig values, powers of e and log simplifications step by step. On
Paper 2, give non-exact answers to 3 significant figures unless told otherwise, and keep more figures in the
working.

"Using differentiation” or "use calculus" means a solution without a derivative (for example, working out
y at two values of  for a small change) scores nothing.
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« Use z in radians throughout calculus, and read the domain: reject values of z that lie outside it, and say
why.

Quick check
1. Differentiate with respect to z: (a) sin v/z; (b) v/ (222 — 3)3.

o
2. Find the exact gradient of the curve y = sin « In « at the point where x = 3

t d
3. Giventhaty = ﬂ, find the exact value of il whenz = E.
x 2dw 4

. d
4. Given that y = sin 3z + cos 3z, show that d_:rg = —9y.

5
5. Show that the derivative of z is

V45 (@5
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Answers
1. (a)sin (z'/2) — cos (z"/%) x 32712 = %. (b) (222 — 3)¥/4 — 3(22% — 3) V4 x 4z = 32(22? —
) A
V2x? — 3
dy _ . 1 : o1
2. Productrule: —= =sinz x — +Inzcosz. Atz = J:sin § = 1and cos § = 0, so the gradientis —— +
dz x /2
2
0=2.
™
_ dy zsec’?zx —tanzx ) dy 5-1
3. Quotientrule: — = Atx = %:sec % = 2andtan1—r =1,s0— = — =
dx x? dx .
16 (3 —1) 8r—16
w2 w2
dy ) dzy ) .
4. —= = 3 cos 3z — 3sin 3z and i —9sin 3z — 9 cos 3z = —9(sin 3z + cos 3z) = —9y.
x x
dy
_ (2 1/2 oq du _ dv _ 1 2 ~1/2 _ = a9 _
SBu=zv=(z —1—25) ,80 22 =land &£ = 3(z° 4 5) (2w)_m.Thendw
Va2t b —
Vz2 +5 . (z* +5) — z? 5
. Multiply top and bottom by v/z2 + 5: = :
z?+5 pyop y (22 +5)va2+5 (22 +5)32

Past questions to try

0606/22/M/J/22 Q7: a quotient whose top needs the chain rule, with e**% over In z.
0606/11/M/J/23 Q10: a product with a logarithm, then "hence" integrate.

0606/11/0/N/23 Q10: showing a quotient with a square root has a given form, then a small change.

0606/21/0O/N/21 Q5: a trigonometric derivative in a given form, then a trig equation fromiit.
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