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What you need to know

By the end of this topic you should be able to:

1. Find the maximum or minimum value of a quadratic f(z) = az? + bz + c, either by completing the
square or by differentiating, and say at which x it happens.

2. Use that maximum or minimum point to sketch y = f(z), and to write down the range of f for a given
domain, in correct notation such as f(z) > —5.

3. Use the discriminant * — 4ac to decide whether f(z) = 0 has two real roots, two equal roots or no real
roots, and use the same test to decide whether a given line crosses a given curve, is a tangent to it, or
misses it.

4. Solve quadratic equations for real roots by factorising, by the quadratic formula or by completing the
square, including equations with surds in their coefficients and equations that turn into quadratics.

5. Solve quadratic inequalities, from a graph or with algebra, and write the solution set in the correct form,
suchas —2 < x < b,orz < —lorx > 3.

Understand it

The shape of a quadratic graph

The graph of y = ax? + bz + cis a parabola. If a > 0 it is U-shaped and has a lowest point (a minimum). If
a < 0itis N-shaped and has a highest point (a maximum). This turning point is called the vertex or
stationary point. The parabola is symmetrical about the vertical line through the vertex.

Completing the square

Any quadratic can be rewritten as a(z + p)? + q. For 22 — 4z — 5: halve the z-coefficient to get —2, so start
with (z — 2)? = 2% — 4z + 4. That has 4 too many, so

2 —dr—-5=(x—-2)?%*-4-5=(x—2)2-0.
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Why this helps: (z — 2)2 is a square, so it is never negative, and it is 0 only when z = 2. So the smallest value
of (z — 2)? — 9is —9, at z = 2. The minimum pointis (2, —9). In general, a(z + p)? + g has its vertex at
(—p, q): watch the sign of p.

<

y=x*-4x-5

When a # 1, take a out of the 22 and x terms first, complete the square inside the bracket, then multiply back:

20 + 122 +7=2 (2> +62) + 7=2[(z +3)° — 9] + 7 =2(z + 3)* — 11.
Minimum —11atz = —3.

When a < 0 the square is subtracted, so the vertex is a maximum. For example, 5 + 4x — z2=9— (m — 2)2
: the largest value is 9, when = = 2, because you can only take away from 9.

Finding the vertex by differentiation

The vertex is where the gradient is 0. Fory = az® + bz + ¢, & = 2az + b = Ogivesz = — . Fory = 2% —
4dr — 5:2x —4 =0,s0x = 2andy = —9, as before. Use this only when the question lets you: after "Hence"

following a completed square, the marks are for reading the vertex from that square.

The vertex is also halfway between the two roots, so if you know the roots, average them: —1 and 5 give x = 2

Sketching the graph

A sketch needs the right shape (U or N), the vertex in the right place, and every intercept labelled:

« the y-interceptis c (putz = 0);

« the z-intercepts are the roots of ax? + bz + ¢ = 0 (if there are any).
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Fory = 2? — 4z — 5 = (z — 5)(x + 1): U-shaped, vertex (2, —9), crosses the y-axis at —5 and the z-axis at
—1land 5.

The range of a quadratic function

The range is the set of values f(z) can take.

« Forallreal z, the range stops at the vertex. f(z) = (z — 2)? — 9 hasrange f(z) > —9;g(z) =9 —
(x — 2)2 has range g(z) < 9. Use > or <, since the vertex value is reached.

« Forarestricted domain, sketch it and check the ends. For f(z) = z? — 4z — 5with0 < z < 3, the
vertex = 2 lies inside the domain, so the least value is —9; the ends give f(0) = —5and f(3) = —8, so
the greatestis —5 and therange is —9 < f(w) < —b. With 3 < = < 6 the vertex is outside, so just use the
ends: —8 < f(z) < 7.

A quadratic on all real  is not one-one (it turns back at the vertex), so it has no inverse. Restricting the domain
to one side of the vertex, such as ¢ > 2, makes it one-one; see the Functions note.

Solving quadratic equations

Rearrange to az? + bz + ¢ = 0 first. Then:

« factorise if you can see the factors: > — 4z — 5 = (z — 5)(z + 1) = Ogivesz = 5orz = —1;

—b+ Vb — dac
2a ’
 orcomplete the square: (z — 2)? — 9 = 0 givesz — 2 = +3,s0x = 5 or —1. Remember the +.

+ use the quadratic formula (it is on the List of formulas): ¢ =

The discriminant

In the formula, everything depends on the part under the square root, - 4ac, called the discriminant:

o b2 — 4ac > 0: two different real roots (the graph crosses the z-axis twice);
« b2 — 4ac = 0: two equal roots, one repeated root (the graph touches the z-axis at its vertex);

+ b?> — 4ac < 0: noreal roots, because you can't square-root a negative number (the graph misses the z-
axis).

"Real roots" covers the first two cases together, so it means b> — 4ac > 0.

pastopic.com/cambridge/additional-mathematics-0606/notes/quadratic-functions Page 3 of 14



pastopic Quadratic functions Notes - Additional Mathematics 0606 - Pastopic

\ b*-4ac=-8<0

no real roots

b?-4ac=0
two equal roots

b*-4ac=4>0
two real roots

Forexample, 222 + 3z + 5 = O has b? — 4ac = 9 — 40 = —31 < 0, so it has no real roots.

Aline and a curve

To find where the line y = ma + k meets the curve y = ax? + bz + c, set the two expressions equal. That
gives a quadratic, and each root is the z-coordinate of a meeting point. So the discriminant of that quadratic

tells you how they meet:

+ > (:the line crosses the curve at two points;
« = (: the line touches the curve at one point, so it is a tangent;

e < 0:theline does not meet the curve.
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y
A
y=2x+2
y=2x
y=2x-2

y=x*+1

(1,2)
» X
/ ©

d

Withy = 2? + 1: theliney = 2z gives 2 — 2z + 1 = 0, discriminant4 — 4 = 0, soitisatangent (atz = 1,
the point (1,2)). Theliney = 2z + 2 gives 2 — 2z — 1 = 0, discriminant 8 > 0: two points. The line y =
2z — 2 gives 2 — 2z + 3 = 0, discriminant —8 < 0: no meeting point.

The same works for a line and a circle: substitute the line into the circle's equation and look at the discriminant.

Quadratic inequalities

Tosolve 6 + = — 2% > 0, don't try to divide or square-root. Instead:

1. find the critical values, where it equals 0: 6 + = — 22 = —(z + 2)(z — 3) = 0 givesz = —2and z = 3;
2. sketch the graph: a = —1 < 0, soitis N-shaped through —2 and 3;
3. read off where the graph is above the axis (> 0) or below it (< 0).
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(0.5, 6.25)

y=6+x-x°

y>0for-2<x<3

y<0 y<O0

So6+z —z2 > 0for—2 < z < 3 (one piece, between the roots), and 6 +  — 22 < Oforz < —2ora > 3
(two pieces, outside the roots). For a U-shaped graph it is the other way round: "< 0" is between the roots, ">
0" is outside. Use < or > when the question has them.

Key facts and formulas

"Given" means itis in the List of formulas on page 2 of the exam paper. "Learn it" means you must remember it.

Formula Status
. —b+ /b2 — 4dac Given
Quadratic formula: az? + bz +c=0 = z = 5
a
2 .
m2—|—bw—|—c:(w+g) —%—I—c Learn it
a(z + p)? + g has vertex (—p, g): aminimumifa > 0, amaximumifa < 0 Learn it
b d i
Vertexatz = — — from 22 — 2az +b =0 Learnit
2a dr
Range forallreal z: f(z) > qifa > 0; f(z) < qifa <0 Learn it
b?> — 4ac > 0: two distinct real roots; = 0: equal roots; < 0: no real roots; > 0: real roots Learn it
Line and curve: substitute, then discriminant > 0 meets twice, = 0 tangent, < 0 does not meet Learnit
az? + bx + ¢ > 0forall z exactly whena > 0and b2 — 4ac < 0 Learn it

(z—a)(z—P)<0 <= a<z<Bi(z—a)(zr—pF) >0 <= z<aorz>f(fora<f) Learnit
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Howtodoit

In the Paper 1 and Paper 2 questions we have tagged for this topic (52 questions, 2021-2025), the types came
up this often. 15 of the 52 questions mix types, so the counts add up to more than 52.

Question type Questions
Completing the square: vertex, maximum or minimum, range 18
Discriminant and the nature of roots 13
Quadratic inequalities 12
Sketching and reading quadratic graphs 10

Aline and a curve: tangent, meets, does not meet 9

Solving quadratic equations exactly 6

1. Completing the square: vertex, maximum or minimum, range (18 questions)

1. Take out a from the z? and z termsifa # 1.
2. Halve the z-coefficient inside the bracket, square the bracket, and subtract the extra constant.
3. Multiply back by a and collect the constants. Check by expanding.

4. Read off the vertex (—p, g), whether it is a maximum or minimum, and the range.

Forexample, 3z% + 12z + 7 = 3 [(z + 2)2 — 4] + 7 = 3(z + 2)® — 5, minimum point (—2, —5). And 1 —
8z — 222 = -2 (a? +4z) + 1= -2 [(x +2)> — 4] +1 =9 — 2(z + 2)?, maximum value 9 at z = —2.

Variations you will meet:

« Theformis given, suchas a(x + b)? + cora — b(x + ¢)?. Match it exactly and state a, b, c; "integers" or
"rational numbers" tells you what to expect. You can also expand the form and compare coefficients.

+ "Hence write down the stationary point": read it from your square. No calculus: after "Hence" it earns
nothing here.

« "Find the range of f" forallreal z: f(x) > gor f(x) < g. For arestricted domain, check the ends and
whether the vertex is inside.

« "State the least value of p so that f (with domain = > p) has aninverse": p is the z-coordinate of the
vertex. The question may then ask for f~! (see the Functions note).

« "The minimum value of y is 3; find c": complete the square with c left in, then set the constant part equal
to 3.

« "Use your answer to solve...": set the completed square to 0 and square-root with =+, keeping surds
exact until the end. Sometimes the unknown is a power, such as 3u? + . .. with u = y3; solve for u first,
then for y.
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2. Discriminant and the nature of roots (13 questions)

1. Rearrange to ax? + bz + ¢ = 0 and write down a, b and c (they may contain k).

2. Choose the condition from the wording:
o two distinct (different) real roots: b*> — 4ac > 0;

o equal roots (repeated root): b> — 4ac = 0;

o realroots: b?> — 4ac > 0;

o norealroots: b> — 4ac < 0;

o curve completely above the z-axis, or y always positive: b> — 4ac < 0 (with a > 0).
3. Simplify b?> — 4actoa quadratic in k (or a linear one) and find its critical values.

4. Solve the inequality in k& with a sketch, as in type 3, and give the final answer as a set of values.

For example, 2 + kx + 9 = 0 has equal roots when k2 — 36 = 0,sok = 6ork = —6.And 22 + kz +4 > 0
forall z when k* — 16 < 0, thatis —4 < k < 4.

Variations you will meet:

« "Show that the equation has no real roots" (often "use algebra"): rearrange, find b — 4ac, show it is
negative, and write the conclusion: "b> — 4ac < 0, so there are no real roots". Completing the square
also works: 2(z — 1)% + 3is always at least 3, so it is never 0.

+ "Determine whether the equation has two distinct real roots, two equal roots or no real roots": tidy it
into az? + bz + ¢ = 0first (clear any fractions), then find the discriminant and state which case it is.

+ kinthe z® term, suchas kz? + 4z + (k — 3) = 0: work the same way. If the answer includes k = 0, the
equation is no longer a quadratic there; check what happens (see Example 3).

» "Show that it has distinct real roots for every k": show the discriminant is always positive, for example
that it simplifies to a positive number, or to a completed square plus a positive number.

3. Quadratic inequalities (12 questions)

1. Rearrange so one side is 0: expand brackets and collect everything on one side. Never divide by
something that could be negative.

2. Find the critical values by factorising or with the formula.
3. Sketch the parabola through them (U if the 22 coefficient is positive, N if negative).

4. Read off the answer: between the roots is one inequality, @ < x < §; outside istwo, z < aorx > 3.
Keep </> if the question has them.

It is often safest to multiply through by —1 to make the z2 coefficient positive, reversing the sign: —2z% +
2z + 12 > O becomes z? — z — 6 < 0, thatis (z — 3)(z +2) < 0,s0 -2 < = < 3.

Variations you will meet:

« Already factorised, such as (z + 3)(2z — 7) < 0: the critical values are —3 and g; itis U-shaped, so

—3<m<%.
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+ Using a graph you have drawn: find where the graph meets the horizontal line y = k (by solving f(z) =
k), then read off which parts of the graph are above or below the line.

» Hidden quadratic inequalities: a modulus inequality squared on both sides, or a fraction multiplied by a
squared (always positive) denominator, leads to a quadratic inequality; finish in the same way.

» "Hence find the area" between the curve and the x-axis: the critical values are the limits of integration
(see Integration).

4. Sketching and reading quadratic graphs (10 questions)

1.Shape: Uifa > 0,Nifa < 0.
2. Vertex: from the completed square (orx = — %).
3. Intercepts: y-intercept c; z-intercepts from solving f(x) = 0.

4. Draw a smooth symmetrical curve through them and label every intercept with its value. The vertex must
be in the right quadrant.

Variations you will meet:

 Number of roots of f(x) = k: draw the horizontal line y = k and count crossings. Fory = z* — 4z — 5
(vertex (2, —9)), f(z) = k has two roots for k > —9 and one (repeated) root for k = —9.

« The modulus graph y = | f(z)|: reflect the part below the z-axis upwards, so the vertex (2, —9) becomes
atop point (2, 9) with sharp corners on the z-axis at —1 and 5. Then | f(z)| = k has 4 rootsfor0 < k < 9,
3fork =9,and2fork > 9ork = 0.

« Finding the quadratic from its graph: roots 1 and 4 meany = a(z — 1)(x — 4); the y-intercept 8 gives
4a = 8,s0a = 2andy = 2z2 — 10z + 8. If a graph could be a U or a N through the same points, both are
possible answers.

« Sketching f and f ! together: sketch the allowed part of the parabola and reflect itin y = x; the
intercepts swap over.

5. Aline and a curve: tangent, meets, does not meet (9 questions)

1. Eliminate y: set the line equal to the curve (or substitute the line into a circle's equation).
2. Rearrange to Az + Bz + C = 0, where A, B, C may contain k.

3. Use the discriminant: = 0 for atangent, > 0 to meet at two distinct points, > 0 to meet at all, < 0 to not
meet ("does not touch or cut").

4. Solve for k, giving exact values (surds) when asked.

5. If asked for the point of contact, put your k back into the quadratic (it has a repeated root x = — %) and
find y from the line.

Variations you will meet:

» "Find the non-zero value of k": the quadratic in k£ has two roots, one of them 0; give the other.
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« Aline and a circle (from the Coordinate geometry of the circle topic): substitute the line into the circle's
equation, expand, and use the discriminant in exactly the same way. If the line is x + 3y = k, itis easier to
substitute z = k — 3y and get a quadratic in y.

» Equating gradients also works for a tangent, but examiners found the discriminant method more reliable.

6. Solving quadratic equations exactly (6 questions)

1. Surd coefficients, no calculator: use the quadratic formula with exact values. Simplify the discriminant (it
usually comes out as a perfect square or a simple surd), then rationalise each root to get the forma +
by/n, showing every step.

2. Hidden quadratics: spot a power that is the square of another, put u equal to the smaller one, solve for u,
then go back to z.

Forexample, 22 — 24/52 +1 = 0:b%2 — 4dac =20 —4 = 16,s0 x =+/5+ 2. And 22/3 +

223 — 8 = Owithu = /3 isu® +2u — 8 = (u +4)(u — 2) = 0,s0u = 20ru = —4, givingxz = §orz =
—64.

_ 2v5+4
e

Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

* M1 method mark: for a correct method, even if the numbers slip.
« A1l accuracy mark: for a correct answer; it needs the M mark before it.

« B1 mark for a correct result on its own, with no method needed.

Example 1
The function f is defined by f(z) = 2z% — 12z + 13.
(a) Write f(z) in the form a(z + b)? + ¢, where a, band c are integers. [3]

(b) Hence write down the coordinates of the stationary point on the curve y = f(a:), and state whetheritis a
maximum or a minimum. [2]

(c) Sketchy = f(x), stating the exact coordinates of the points where it meets the axes. [3]
(d) Find the range of f when the domainis 0 < z < 5. [2]
(@)222 — 122+ 13 =2 (22 — 62) + 13 =2[(z — 3)2 — 9] + 13 = 2(z — 3)? — 5.

Blfora = 2,B1for (z — 3)?,Blforc = —5.
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(b) (3, —5), aminimum because a = 2 > 0. B1 for each coordinate (read from part (a), no calculus).
(c) y-intercept: f(0) = 13,s0 (0,13). B1
z-intercepts: 2(z — 3)> = 5,s0z — 3 = i\/g = i@ andz =3 + @ (about 1.42 and 4.58). B1

A U-shaped curve with its minimum at (3, —5) in the fourth quadrant, crossing the positive z-axis twice. B1 for
the shape with the vertex in the right place.

(d) The vertex z = 3isinside 0 < = < 5, so the least value is —5. Atthe ends, f(0) = 13and f(5) =
2(2)% — 5 = 3, so the greatest is 13. M1 for checking the vertex and both ends.

—5< f(z) <13.A1

Example 2

Solve the inequality (2z — 1)(z + 3) > 3z + 1. [4]

Expand and collect on one side: 222 + 5z — 3 — 3z — 1 > 0, so 222 + 2z — 4 > 0. M1 fora 3-term
quadratic compared with 0.

2(z + 2)(x — 1) > 0: critical values z = —2 and = 1. M1 for factorising, A1 for both critical values.

The graph is U-shaped, so it is above the axis outside the roots: ¢ < —2orxz > 1. Al

Example 3
Find the set of values of k for which the equation kz? + 4z + (k — 3) = 0 has two distinct real roots. [5]

a=k,b=4,c=k — 3. Two distinct real roots need b> — 4ac > 0:

16 —4k(k —3) >0 = 16 —4k* +12k >0 = k> -3k —4 < 0.

M1 for b2 — 4ac with the right a, b, ¢; Al for a correct 3-term quadratic in k (note the sign flip on dividing by —4
).

(k — 4)(k + 1) < 0: critical values4 and —1. M1 Al

Between the roots: —1 < k < 4. But when k = 0 the equationis 4z — 3 = 0, which has only one root, so
leave it out:

—-1<k<0 or 0<k<4.

Al

Example 4

Theliney = mx — lisatangent to the curve y = 2% + 3z + 3. Find the possible values of m and, for each
one, the coordinates of the point where the line touches the curve. [6]
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Equate: 22 4+ 3z + 3 = mz — 1,s0z2 + (3 —m)z + 4 = 0. M1 for equating and rearranging to a 3-term
quadratic.

Foratangent, b — 4ac = 0: (3 — m)* — 16 = 0. M1 A1
3—m==+4,som=—-1lorm="7.A1
m="T2z>—4z+4=(r—2)>=0,s0z =2andy = 7(2) — 1 = 13. The point is (2, 13).

m= -1z +4z +4=(z+2)?=0,s02z = —2andy = —(—2) — 1 = 1. The pointis (—2, 1). M1 for
putting m back and solving, A1 for both points.

Checkonthecurve: 22 +6 +3 =13and4 — 6+ 3 = 1.

Common mistakes

+ Using calculus after "Hence". When the question says "Hence write down the stationary point" after
completing the square, examiners give no credit for differentiating. Read the vertex straight from a(z +
p)* +q.

« Getting the vertex sign wrong. (z — 3)? — 5 hasits vertexatz = 3, notz = —3.

» Completing the square with a # 1 without taking a out, or forgetting to multiply the subtracted constant
by a. Expand your answer to check it.

+ Not giving the form asked for. Solving the equation or using calculus to find the vertex, but never writing
a(z +b)? + ¢, loses the marks for that part.

« Choosing the wrong discriminant condition. "Equal roots" means b> — 4ac = 0, not > 0. "Real roots"
includes equal roots, so it is > 0; answers that treat itas "> 0", or pick the region between the critical
values when it should be outside, are common.

+ Stopping at the critical values. Finding k = 2 and k = —2.5 is not the answer to "find the set of values of
k". Finish with the inequality, using a sketch to choose between or outside.

o Writing the final inequality badly. "z < 1.5,z < 7"or"—2 > = > 3" are wrong. Between the roots is one
statement, 1.5 < x < 7; outside is two, joined by "or".

+ Slips with the constant term. When moving terms across, collect every constant, including those
containing k, before writing c. Many errors come from one lost term.

+ No conclusionin a "show that" about roots. A negative discriminant is not enough on its own: write "so

the equation has no real roots". Saying there is a "negative root" is wrong: a negative number can be a
perfectly good root.

« Missing working in no-calculator questions. With surds, show the discriminant simplified and each
rationalising step, or the method marks can't be given.

+ Sketches without intercepts, or with the wrong shape. Mark every intercept with its value and put the
vertex in the right quadrant; with a modulus graph, the reflected part must have sharp corners on the z-
axis, not a smooth minimum.

+ Mixing up domain and range. The range of f(z) = (z + 2)? + 1is f(z) > 1 (with >, not >), nota
statement about .
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How to get the marks

Discriminant questions are marked in a set pattern: a method mark for writing b> — 4ac with your a, b and
¢ (with any sign, >, = or <), an accuracy mark for simplifying it to a correct quadratic in k&, a method mark
for solving that quadratic, then the critical values and the final answer. Write each stage down.

Line and curve: show the line and curve set equal and rearranged to . . . = 0 before using the
discriminant.

"Find the set of values" or "range of values" wants an inequality, not two numbers. The final answer is
what is marked, so write it clearly on its own line.

"Hence" means use the previous part; "write down" means little or no working is expected, so the answer
should come straight from what you have.

"Show that" or "Use algebra to show": every step visible, and a clear final statement.

"Exact" or "simplest surd form": keep surds, forexample k > 2 + 24/3, not k > 5.46. Otherwise give
non-exact answers to 3 significant figures.

"DO NOT USE A CALCULATOR": show the quadratic formula with numbers in, the simplified
discriminant, and each rationalising step.

Sketches: the marks are for the correct shape, the vertex in the right place and each intercept labelled.
Draw it large and smooth.

Follow-through: a wrong completed square used correctly for the vertex or range usually still earns the
later marks, so keep going.

Quick check

1. Write 5 + 6z — z? inthe form a — (= + b)?. Hence state the maximum value of 5 + 6z — 2, the value of =

where it occurs, and the range of f(z) = 5 + 6z — z? for all real z.

2. Find the values of k for which 22 + (k + 1)z + 4 = 0 has equal roots.

3. Use algebra to show that the line y = 32 — 5 does not meetthe curvey = 2% — = + 1.

4, Without a calculator, solve v/2 22 + 3z — 24/2 = 0, giving your answers in the form a + bv/2.
5.Solve 2z — Ty/z + 3 = 0.
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Answers

1.5+6z—a°=5—[(z—3)°—9] =14 — (z — 3)?, soa = 14, b = —3. The maximum value is 14,
when z = 3,and therangeis f(z) < 14.

2.0 —4ac=(k+1)*—-16=0,s0k + 1 =+4andk = 3ork = —5.

3.22—z+1=3z—5givesz? — 4z + 6 = 0.b> — 4dac = 16 — 24 = —8 < 0, so there are no real roots
and the line does not meet the curve.

-3+5
4.a:\/§,b:3,c=—2\/§,sob2—4ac:9+4(\/§)(2\/§)=9+16=25andm:2—ﬁ.With+:
2 1 V2 V2 —8 -4 2
= = x =" With—2=—=—Xx——=-22.Sz=0+1y/20rz=0—
f2\/§ V22 2 2v2 V2 V2 2
2V/2.

5.letu=+z:2u> —Tu+3=(2u—1)(u—3)=0,s0u=Joru=3.Thenz = torz =9.

Past questions to try

« 0606/11/M/J/23 Q1: completing the square, the stationary point, a sketch and roots of a modulus
equation.

+ 0606/23/0/N/23 Q2: the discriminant for a curve completely above the x-axis.
* 0606/22/0/N/23 Q2: aline that is a tangent to a curve.
* 0606/21/0O/N/23 Q8: solving a quadratic with surd coefficients without a calculator.
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