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What you need to know

By the end of this topic you should be able to:

1. Use angular speed. Know that the angular speed w of a particle moving in a circle is the angle (in radians)
it turns through per second, and use v = rw to link it to the speed v and the radius r.

2. Know where the acceleration points. A particle moving round a circle at constant speed accelerates
towards the centre, with size rw? or 1;—2 Use these formulas; you do not need to prove them.

3. Solve horizontal-circle problems at constant speed: a particle on a string (a conical pendulum), on a
smooth surface such as a bowl or cone, on a table joined to a string through a hole or ring, on an elastic
string, or on a rough rotating disc.

4. Solve vertical-circle problems with no energy lost: find the speed at any point with conservation of
energy, find the tension in a string or the normal contact force from a surface, find where that force
becomes zero (the string goes slack or the particle leaves the surface), and find the conditions for the
particle to go all the way round.

Proving the acceleration formulas is not required, and nothing here needs calculus. Motion after a string goes
slack is ordinary projectile motion (see the Motion of a projectile note), and elastic strings use Hooke's law
T = % from the Hooke's law topic.

Understand it

Angular speed

Picture a particle P going round a circle with centre C. The line C' P sweeps round. The angular speed w is
how fast that line turns, in radians per second (rad s*). One full turn is 27 radians, so a particle that makes

one revolution every T seconds has w = 27”

In one second the particle turns through w radians, so it travels an arc of length rw (arc = radius x angle in
radians). That is its speed:
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For example, a particle on a circle of radius 0.5 m that goes round once every 2s hasw = % = wrad s™ and

speedv = 0.5m ~ 1.57ms™.

Questions sometimes give revolutions per minute (rpm). One revolution is 27 radians and one minute is 60

60 w
2w

2mn

s,sonrpmisw = Ftrads?, andwrads™ is rpm.

Why the acceleration points to the centre

Acceleration is the rate of change of velocity, and velocity has a direction. A particle going round a circle at
constant speed keeps turning, so its velocity keeps changing even though its speed does not. The change is
always towards the centre, and its size is

v
a =rw” = — (towards the centre).
T
The two forms are the same thing, because v = rw. For the particle above, a = 0.5 X w2 ~ 4.93ms?.

By Newton's second law, something must pull the particle towards the centre with a resultant force of
mrw? = ’”7”2 That force is not a new force: it is the total of the real forces (tension, normal reaction, friction,
weight) resolved towards the centre. So every circular-motion question starts the same way: draw the forces,
then write
2
mv 2

(resultant force towards the centre) = — or mrw”.

T

There is no outward "centrifugal force" to add. Never put mTUZ on the force diagram as if it were a force.

Horizontal circles

In a horizontal circle the particle stays at one height, so its vertical acceleration is zero and the speed is
constant. Resolve in two directions:

« vertically: the forces balance (up = down);

« horizontally, towards the centre: resultant = mrw?.

The classic case is the conical pendulum: a particle on a string of length [ fixed at O, moving round a
horizontal circle below O with the string at angle 6 to the vertical.
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acceleration rw? towards C

The radius is not the string length: » = [ sin 6. Then

2

T cos 0 = myg, T'sinf = mrw® = m(lsin 0)w?.

Cancelling sin @ in the second equation gives the neat result T' = mlw?, and then cos § = ’—%ﬂ = l—fﬁ Spinning

faster makes cos 6 smaller, so the string swings out further.

A particle moving round the smooth inside of a hemispherical bowl of radius a works the same way. The
normal reaction R points along the radius to the bowl's centre O. If O P makes angle 6 with the downward
vertical, the circle has radius a sin 6, and

Rcosf = mg, Rsinf = m(asinf)w? = R =maw?, cosh = 9

aw?

Thecircleisacos 0 = % below the level of O (the rim).

On the smooth inside of a cone fixed vertex down with semi-vertical angle 3, the normal reaction is at right
angles to the sloping surface, so it makes angle 8 with the horizontal: R sin 8 = mg vertically and R cos 8 =
mrw? horizontally. A particle at height A above the vertex moves on a circle of radius » = h tan S.

Vertical circles: speed changes

In a vertical circle the particle rises and falls, so gravity speeds it up and slows it down. Its speed is not
constant, and you cannot use suvat (the acceleration is not constant). Instead, with no energy lost (a smooth
surface, no air resistance, and tension or a normal reaction that always acts at right angles to the motion, so
does no work):

mu® = %mv2 + mgh,

where h is how far the particle has risen.
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Take a particle on a string of length a (the radius of the circle), passing the lowest point L with speed u. When
OP makes angle 6 with the downward vertical, P is a(1 — cos #) above L, so

v? = u? — 2ga(1 — cos¥).

Vertical circles: the force towards the centre

At P the tension T points along PO, towards the centre. The weight mg points straight down; its part along
the radius is mg cos 6, pointing away from O (when P is below O). Along the radius, towards O:

mv2

T —mgcosf = —.
a

The part of the weight along the tangent, mg sin 6, is what slows the particle down; you never need it, because
the energy equation already accounts for it.

Two special points are worth knowing by heart:

» Lowestpoint (0 =0):T — mg = mT"ﬁ The tension is greatest here.

« Highest point (¢ = 180°,cosf = —1):T + mg = mT’F Weight now points towards the centre, and the
tension is least here.

Putting the energy equation into the tension equation gives ' = mT“2 — 2mg + 3mg cos 6. The tension at the
top is always exactly 6mg less than at the bottom.

For a point above the level of O, papers usually give the angle a between O P and the upward vertical. Then
Pisa(1l + cos a) above L, and the weight's part along the radius, mg cos «, now points towards O:

2
v? = u? — 2ga(1 + cos a), T+mgcosa:ﬂ.
a

A particle moving on the smooth inside of a sphere or cylinder behaves exactly like one on a string, with the
normal reaction R in place of T'.
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When the string goes slack or the particle leaves the surface

A string can only pull. When the equation needs T to be negative, the string cannot provide it, so it goes slack
and the particle leaves the circle. The same happens on the inside of a surface when R would be negative. So:

The string goes slack (or the particle leaves the inside surface) where T' = 0 (or R = 0). The particle is still
moving there; only the force is zero.

With T' = 0 at angle o from the upward vertical: mg cosa = mTUZ sov? = ga cos a. Put this into the energy
equation:
u? — 2ga

2
ga cos u ga( + cos a) COos 3ga

This only happens above the level of O: below it, T is at least mTv2 > 0.

Going all the way round

» String, or the inside of a surface. The particle completes the circle if T > 0 at the top, where it is least:
’”7”2 —mg > 0,s0v? > gaatthe top. Withv? = u? — 4ga, this means u? > 5ga.

+ Alightrigid rod, or a bead threaded on a wire. A rod can push as well as pull, and a wire holds the bead
from both sides, so nothing goes slack. The particle only needs to keep moving at the top: v? > 0 there,
sou? > 4ga.

« Oscillating. If the particle stops before it rises above the level of O (u? < 2ga), a string stays taut and the
particle swings back and forth like a pendulum. For 2ga < u? < 5ga the string goes slack somewhere

above the level of O.

On the outside of a sphere

A particle sliding over the outside of a smooth sphere of radius a is different: the normal reaction pushes
outwards, away from the centre. At angle o from the upward vertical, towards O:
mu?

mgcosa — R = —.
a

As the particle slides down, v grows and cos «a shrinks, so R falls to zero and the particle leaves the surface
where mg cos a = ’”T’F Starting at the top with speed v, it has dropped a(1 — cos a), so v* = u? 4 2ga(1 —

cos a), and
u? +2
ga
cosa = ————.
3ga
Starting almost at rest (u =~ 0), it leaves where cos o = % If u? > ga it leaves the surface straight away at the
top.
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After leaving the circle

OnceT = Oor R = 0, the only force is gravity, so the particle is a projectile. It sets off along the tangent to
the circle with the speed v it had there. At a point where the radius makes angle a with the vertical, the tangent
makes angle o with the horizontal, so the velocity components are v cos « horizontally and v sin « vertically
(upwards when a string goes slack on the way up, downwards when leaving the outside of a sphere).

Key facts and formulas

"Given" means itis in the MF19 list of formulae in the exam. "Learn it" means you must remember or derive it.
Take g = 10 m s? unless told otherwise.

Formula Status
2 ,
. . Lo . 9 U Given
Uniform circular motion: acceleration rw* or - towards the centre
V= Trw Learn
it
, 2rn 2 Learn
One revolution = 27rrad; n rpm = w = —; period —
60 w it
2 muv? Learn
Newton's second law towards the centre: resultant = mrw® = —
r it
Conical pendulum (string length [, angle 6 to vertical): » = [sinf, T cos 0 = mg, T = mlw? Learn
it
Energy: %mu2 = %mv2 + mgh (KE %mv2, GPE mgh) Learn
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Formula Status
2
muv
Vertical circle, § from downward vertical: v2 = u* — 2ga(1 — cos ), T — mgcos = — Learn
a it
. . . 9 9 muv? Learn
Vertical circle, a from upward vertical: v* = u* — 2ga(1 + cosa), T + mgcosa = —
a it
Slack string or leaving the surface: T' = 0 or R = 0 (speed is not zero) Learn
it
Complete circles: string or inside a surface u? > 5ga; rod or bead on a wire u? > 4ga Learn
it
: ) o mu? . . Learn
Outside a sphere: mg cos &« — R = ——; from the top with speed u, leaves where
a .
u? + 2ga It
coso = —
3ga
AT ;
Hooke's law T' = - Given
Limiting friction F' = pR (and F' < puR always) Learn
it
suvat equations and the equation of a projectile's trajectory (for motion after leaving the circle) Given

Howtodoit

In the Paper 3 questions we have tagged for this topic (61 questions, 2021-2025), the types came up this
often. 24 of the 61 questions mix more than one type, so the counts add up to more than 61.

Question type Questions
Vertical circle: tension or reaction at a point 22

Vertical circle: string slack, leaving the surface, complete circles 16
Horizontal circle: string or smooth surface 11
Horizontal circle with an elastic string 9
Projectile after leaving the circle 9
Connected particles: string through a ring or hole 8

Speed by energy only 8

Rough turntable: limiting friction 4

Start every question with a diagram: mark the centre, the radius, the angles, the speeds at the points you care
about and every force. Examiners say candidates who draw one make far fewer errors.
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1. Vertical circle: tension or reaction at a point (22 questions)

1. Energy equation between a point where you know the speed and the point you want. Write the height
difference from the diagram: a(1 — cos 6) above the lowest point when @ is from the downward vertical,
a(l + cos a) when « is from the upward vertical. If the start is not the lowest point, measure both heights
from the same level (the level of O is easiest).

2. Newton's second law along the radius at that point: the forces towards O minus the forces away from O
equal m7“2 Weight contributes mg cos(angle with the vertical), towards O above the level of O and away

from it below.

3. Substitute v2 from step 1 into step 2 and solve for T' (or R).

For example, a particle of mass 0.5 kg on a string of length 0.5 m passes the lowest point at 6 m s*. At the

lowest point 7' = 0.5 x 10 + 2230 — 41 N. Atthetopv? =36 —2 x 10 x 1 = 16,s0T = 22X16 5 =11

N. The difference is 30 N = 6mg, as it should be.

Variations you will meet:

» Ratio of tensions or reactions, such as "the greatest tension is 4 times the least". The greatest is at the
lowest point and the least at the top. Write both in terms of u (or the unknown angle), set up the ratio the
right way round and solve. With T, = mTUZ + mgand Tiop, = mT“2 — bmg, aratio of 4 gives Z—Z +1=
4 (Z_Z — E)),sou2 = Tga.

« The speed is given somewhere in the middle (at an angle 0), and the unknown is cos 6. Write two energy
equations (that point to the lowest point, and to the highest point), then the two tensions, then the ratio.
Every expression keeps cos 6 in it until the last line.

« Two different points, such as "the reaction at B is three times the reaction at A": energy between A and
B, Newton's law at each, then the given link.

* Greatest reaction on the inside of a surface: at the lowest point.

» Show a general result, such as "the tension at the highest point is 6mg less than at the lowest point":
write Newton's law at both points and the energy equation between them, then eliminate the speeds. The
same steps link the tension at any two points.

« A string that catches on a peg below O: the speed does not change at that instant, but the radius shrinks
to the distance from the peg, so the tension jumps. Use the same v with the old radius (just before) and the
new radius (just after).

+ Alight rod with a particle at each end, pivoted at a point on the rod: both particles turn with the same w,
so their speeds are in the ratio of their distances from the pivot. Include both particles in the energy
equation.

+ Abead onawire or a particle on arod: the force can point either way, so if your answer comes out
negative, it simply points outwards.

2. Vertical circle: string slack, leaving the surface, complete circles (16 questions)

1. Energy equation from the known point to the point where the string goes slack (angle a from the upward
vertical).
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2. Newton's law there with 7' = 0 (or R = 0): mgcosa = "%2, sov? = ga cos a.

3. Eliminate v? and solve for cos a (or for the starting speed if « is given).

For example, for a string to go slack where cos a = $:v? = £ there, and u? = v? + 2ga (1 + 1) = 2.75ga at

'S

the lowest point.
Variations you will meet:

"Show that the particle completes circlesifu> > .. .":atthetop, T > 0 (or R > 0), so v? > ga there;

then use energy. Keep the inequality from the first line, or say clearly why an equality at the limit gives the
least value; the mark scheme wants the inequality to appear convincingly, not to jump in at the end.

+ Abead on awire ora particle on arod: the conditionis v > 0 at the top, not T" > 0.

» Leaving the outside of a sphere or cylinder: towards O, mgcosa — R = mT”Z; put R = 0. Show-that
forms suchascosa = %9—“ come from this and the energy equation.

+ Inside a cylinder or sphere with the start not at the bottom, for example projected downwards from a
point level with O: measure heights from the level of O (P is a cos a above O), so %mu2 = %mzﬂ +

mga Cos Cx.

» Given where it goes slack, find the start: same equations, solve for u or the starting angle instead.

3. Horizontal circle: string or smooth surface (11 questions)

1. Find the radius of the circle from the geometry: r = [ sin 0 for a string of length [ at 6 to the vertical; r =
asin @ in a bowl of radius a; r = htan 3 at height h in a cone.

2. Resolve vertically: the forces balance.
3. Resolve horizontally, towards the centre: resultant = mrw? or mT”Z

4. Combine to find what is asked (w, v, T', the angle, a depth).
Variations you will meet:

« Two strings from the particle to two fixed points, one above the other. The tensions are different, so call
them T3 and T5; using one T’ for both scores nothing. The upper string's tension has an upward part and
the lower string's a downward part: 77 cos 61 — T» cos 2 = mg, and both pull inwards: T} sin 6, +
Ty sin 0y = mrw?.

« Two particles on a chain of strings (O to P to (0, both circling with the same w): resolve vertically for the
whole system to get the top tension quickly, then do each particle horizontally with its own radius.

* Speeding up, such as "find the ratio ff": write the equations for each case; many things cancel.

» Revolutions per minute: rpm = ﬁg—ﬂ“’ Don't forget the 60.

+ Astring held on a smooth table (particle circling a fixed point on the table): the tension alone gives the
central force, T' = mrw?, and the table's reaction balances the weight.

4. Horizontal circle with an elastic string (9 questions)

1. Hooke's law: T = £ with z the extension.
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2. Theradius includes the extension: on a table with the string fixed at the centre, r = [ 4+ . For an elastic
conical pendulum, r = (I 4 z) sin 6.

2
3. Newton's law towards the centre: T' = m(l + z)w? or % (table), or resolve both ways (conical).

4. Equate and solve. With a speed given this is usually a quadratic in z; keep the positive root only.

Forexample, A = 20N, ! = 0.5m, m = 0.25 kg, w = 6 rad s* on a smooth table: 40z = 0.25 x 36 x (0.5 +

z) =45+ 9z,s0x = 32 ~ 0.145m.

Variations you will meet:

« Two situations with the same string (two speeds or two masses): write the equation for each; the two
equations give two unknowns such as A and [. Checking that both give the same ) is a good test.

« A hanging particle below a hole gives the tension (type 6), which then gives the extension from Hooke's
law.
« Elastic conical pendulum: T cos§ = mgand T = m(l + :c)w2 (the same cancelling as for a string), with

T — A&
= Az

5. Projectile after leaving the circle (9 questions)

1. Find where it leaves (cos ) and its speed v there (types 1 and 2).

2. Split the velocity: the velocity is along the tangent, at angle « to the horizontal: v cos « across and v sin «
up ordown.

3. Use suvat or the trajectory with g downwards and no horizontal acceleration.

Variations you will meet:

: 2
» Greatest height after a string goes slack: the particle is moving up at v sin «, so it rises a further (vsina) S;‘;a
above the slack point, which is a cos e above O.

+ Landing speed: use energy from the start to the ground (the speed doesn't care about the path); the
horizontal part stays v cos o, so the vertical part at landing is \/V2 — (v cos @)?, and the angle with the

ground follows from tan of vertical over horizontal.

« Time to the ground: from the vertical motion alone, s = ut + jat? with the leaving height and v sin &
downwards (or use the vertical velocity at landing).

* Crossing a gap, such as a sphere with its top cut off: the particle leaves at one edge and must land on the
other, so its horizontal range equals the chord between them. Use the range with the launch angle equal to
.

6. Connected particles: string through a ring or hole (8 questions)

1. One string, one tension: a light string through a smooth ring or hole has the same tension 7' all along.

2. The hanging particle is in equilibrium, so T" equals its weight. Write this down explicitly: the mark
scheme needstoseeT = Mg.
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3. Use the geometry for the circling particle: the two parts of the string add up to the total length. If the
circle's centre is directly below the ring, the circling part makes angle 8 with the downward vertical, and
r = (its length) sin . If the hanging particle is at the centre of the circle, the circling particle is level with it,
so the hanging part = (circling part) cos 6.

4. Resolve for the circling particle (vertically and towards the centre) and solve.
Variations you will meet:

» The circling particle is on a table or a cone surface: add the normal reaction R to the vertical equation,
suchas R + T cos # = mg on a table below a ring. The particle stays on the table only while R > 0.

» Two speeds giving two angles: the radius changes with the angle, so don't reuse the same r.

« Both ends circling (a string through two holes, a particle on each end): the tension is the same, so write T'
from one particle and use it in the other's equation.

« Onasmooth table: the hanging particle's weight provides the whole central force, Mg = mT”Z

7. Speed by energy only (8 questions)

1. Choose two points and a level for zero potential energy.

2. Write KE + GPE at each and set them equal (no energy is lost). Every term has m, and the heights come
from the geometry.

3. Solve for the speed.
Variations you will meet:

+ Greatest speed: at the lowest point of the circle.

« Least starting speed to just reach a point: set the speed there to zero for a rod, bead or a point at or
below the level of O. For a string above the level of O, use T' = 0 instead (type 2).

» Rigid rod with two particles: write each speed as its distance from the pivot times w, and include both
particles' kinetic and potential energies.

8. Rough turntable: limiting friction (4 questions)

1. Friction provides (some of) the central force. On the point of slipping outwards, friction points towards
the centre and equals pR.

2. Resolve vertically for R, including any vertical part of a string's tension: with a string pulling up at angle 6
to the vertical, R = mg — T cos 6.

3. Towards the centre: (inward parts of tension) +uR = mrw?.

On its own on arough disc, umg = mrw? at the limit, so the greatest angular speed is w = +/ ’i;‘zz further out
slips first.

Variations you will meet:

pastopic.com/cambridge/further-mathematics-9231/notes/circular-motion Page 11 of 17



pastopic Circular motion Notes - Further Mathematics 9231 - Pastopic

e Two particles joined by a string along a radius: the outer one pulls the inner one outwards, so for the
inner particle friction minus tension equals its mrw?, and for the outer particle friction plus tension equals

its mrw? (each with its own radius).

« Answerin rpm: convert w at the end.

Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

« M1 method mark: for a correct method, even if the numbers slip.
o Al accuracy mark: for a correct answer; it needs the M mark before it.

« B1 mark for a correct result on its own, with no method needed.

Example 1

A particle of mass 0.4 kg is attached to one end of a light inextensible string of length 1.25 m. The otherend is
attached to a fixed point O. The particle moves in a horizontal circle below O with constant angular speed 4
rad s™.

(a) Find the tension in the string. [3]

(b) Find the angle between the string and the vertical. [2]

(c) Find the speed of the particle and the number of revolutions it makes per minute. [3]
(a) Let the string make angle 8 with the vertical. The radiusisr = 1.25sin 6. B1
Towards the centre: T'sin @ = 0.4 x (1.25sin6) x 4%2. M1

Cancelsinf: T = 0.4 x 1.25 x 16 = 8§ N. Al

(b) Vertically: T cos § = 0.4 x 10,s0cosf = 5 = 1. M1

NI

0 =60".A1

(c)r =1.25sin60° = 1.0825...m,s0v = rw = 1.25 x 3§ x 4 =253 =4.33ms*(3s.f.). Bl

4x60 120 _ 5¢5(3sf).M1AL
™

Revolutions per minute =
2

The first diagram in "Understand it" is drawn for this pendulum.
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Example 2

A particle P of mass m is attached to one end of a light elastic string of natural length a and modulus of
elasticity 4mg. The other end of the string is attached to a fixed point O on a smooth horizontal table. P moves
on the table in a horizontal circle with centre O and constant speed 1/3ga.

(a) Show that the extension of the string is %a. [4]

(b) Find the angular speed of P in terms of g and a. [2]

4
9T By

(a) Let the extension be z. Hooke's law: T' =
a

3
The radiusis a + z, sotowards O: T = %ga). Bl
a X

4 3
Equate: 9% _ niga’ so4z(a + ) = 3a?, thatis 4z + 4dax — 3a® = 0. M1
a a i

(2z — a)(2z + 3a) = 0,andz > 0,s0z = 1a. Al

\/3
(b)r:a—i-%a: %a,sow: v_ 3ga.M1
T QCL
4
w? = 3’;@ = —g,sow:2 9 a1
2a2  3a 3a

4
Example 3

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end is
attached to a fixed point O. P hangs at rest below O and is then projected horizontally with speed /3ga, so
that it starts to move in a vertical circle.

(a) Find the tension in the string when O P is horizontal. [3]

(b) Show that the string becomes slack when O P makes an angle o with the upward vertical, where cos a =

- [4]

1
3

(c) Find the greatest height above O reached by P in its subsequent motion. [3]

(a) When OP is horizontal, P is a above its start. Energy: 3m(3ga) = $mv? + mga, sov> = ga. M1 A1

2
muv
The weight is at right angles to O P there, so towards O: T = = mg. B1

(b) At angle « from the upward vertical, P is a(1 + cos «) above its start:

im(3ga) = %mv2 + mga(l+ cosa) = v* = ga — 2ga cos a.

M1A1l

2
Towards O: T + mg cosa = Y The string is slack when T' = 0, so v? = ga cos a. B1
a
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gacosa = ga — 2gacosa = 3cosa =1 = cosa = % A1l (the given answer, every step shown)

(c) At that point v2 = %ga and the velocity is along the tangent, at angle o above the horizontal. Its vertical part

isvsina, withsina=1-1=8.B1

Extra height = (vsina) _ 39975 _ 2% g
2g 2g 27

The slack pointis a cos a = $a above O, so the greatest height above O is $a + sa = 3a. Al

Example 4

A smooth sphere of radius a and centre O is fixed to horizontal ground. A particle is projected horizontally from
the highest point A of the sphere with speed %, /ga. It moves on the outside of the sphere and leaves the
surface at (), where OQ) makes an angle a with the upward vertical.

(a) Show that cos a = %. [4]

(b) Find the speed with which the particle hits the ground, and the angle its path then makes with the ground.
[5]

(a) Energy from A to @ (adrop of a(1 — cos @)):
vt = %ga + 2ga(1 — cos a).

M1A1l

va

Towards O at Q: mgcosa — R = ——,and R = O as itleaves, so v? = ga cos a. B1
a

gacoso = iga+2ga—2gacosa = Jcosa = % = cosa = %.Al

(b) Ais 2a above the ground. Energy from A to the ground: V2 = 1ga + 2¢(2a) = L ga,so V = 1/17ga.
M1A1l

AtQ, v = %ga and the velocity is at angle a below the horizontal. The horizontal part never changes: v cos a,
with (v cos a)? = 3ga x & = Zga. B1

Vertical part at the ground: L ga — 2L ga = 28 ga. M1

245
tan(angle) = 4/ =7 so the path makes 71.6° with the ground (1 d.p.). Al

The third diagram in "Understand it" shows this sphere and path.

Common mistakes

+ Saying the particle stops when the string goes slack. It is still moving; only the tension is zero.
Examiners report this error again and again: use T' = 0 in Newton's law, never v = 0 in the energy
equation (unless the question is about a rod or bead that just reaches the top).
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Using the wrong radius. In a conical pendulum the radius is [ sin #, not [. With a ring, the radius comes
from the circling part of the string, not the whole string. When the angle changes, the radius changes too.

Leaving the extension out of the radius. For an elastic string on a table the radius is I + x. Using [ gives
a linear equation instead of the correct quadratic.

Mixing up sin and cos when resolving. Mark the angle on the diagram and check: the vertical part of a
string at 6 to the vertical is T cos 6, the horizontal part T sin 6.

Using one tension for two strings. Two separate strings have two separate tensions. Only a single string
through a smooth ring or hole has the same tension throughout.

Using a speed from one point in Newton's law at another. Each point has its own speed: find it with
energy first.

Energy equations with a missing or wrong term. Every term needs m (it's %mv2 and mgh), and heights
must be measured from one level. Check that each term is an energy.

Treating a horizontal circle as a vertical one, or adding energy equations when the height doesn't
change.

Forgetting the 60 in rpm. 3= is revolutions per second.
Swapping masses in connected-particle questions: write which particle each equation is for.

Putting a ratio the wrong way round. "Greatest to least is 4 : 1" means Tiow = 4T}op.

How to get the marks

Two equations, two marks. Most questions give one method mark for an energy equation that includes
every kinetic and potential energy term, each with the right units, and a separate mark for Newton's second
law towards the centre. Write each one out in full before you substitute or simplify, even if a sign or a sin/cos
slip creeps in: those are often still allowed for the method mark.

Say what you set to zero. "String slack, so T = 0" or "leaves the surface, so R = 0" must be seen.

State the tension from a hanging particle: T' = mg written down explicitly, or the final mark can be lost.
"Show that": the answer is given, so every step must be visible and the last line must match. For an
inequality ("show that u? > 5ga"), startfromT" > 0 or R > 0 and carry the inequality through.

"In terms of m, g and a": give an exact expression in just those letters, suchasw = 2\/%. Leave surds
unsimplified if you like, but no decimals.

Numerical answers to 3 significant figures (angles to 1 decimal place) unless the question says
otherwise, with g = 10 ms™®.

Follow-through: a wrong angle from part (a) used correctly in part (b) still earns the method marks, so
always carry on.

Only one root: when a quadratic gives two values (such as an extension), reject the impossible one and
say why.
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Quick check

1. A particle moves in a circle of radius 0.6 m at 45 revolutions per minute. Find its angular speed and the size
of its acceleration.

2. A particle of mass 0.2 kg moves in a horizontal circle on the smooth inner surface of a fixed hemispherical
bowl of radius 0.5 m, with angular speed 5 rad s*. Find the normal reaction on the particle and the depth of
the circle below the rim.

3. A small coin lies on a rough horizontal disc, 0.2 m from its centre. The coefficient of friction is 0.4. Find the
greatest angular speed at which the disc can turn without the coin slipping.

4. A bead is threaded on a smooth circular wire of radius a fixed in a vertical plane. It is projected from the
lowest point with speed . Find the condition on u for the bead to go all the way round, and compare it with
a particle on a string of length a.

5. A particle of mass 0.3 kg on a smooth horizontal table is attached to a light inextensible string that passes
through a small smooth hole in the table. A particle of mass 0.6 kg hangs at rest on the other end. The
particle on the table moves in a circle of radius 0.5 m about the hole. Find its speed and its angular speed.
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Answers
2
2 45 3 3
l.w= % = 7” ~ 4.71rad s™. Acceleration = rw? = 0.6 x (g) = 1.357m2 ~ 13.3 m s, towards
the centre.

2. With OP at 6 to the downward vertical: Rsin § = m(0.5sin)w? so R = 0.2 x 0.5 x 25 = 2.5N.
Vertically Rcos @ = 0.2 x 10 = 2, so cos 8 = 0.8. Depth below the rim = 0.5 x 0.8 = 0.4 m.
0.4 x 10

0.2
4. The wire holds the bead from both sides, so it only has to keep moving at the top: v2 = u? — 4ga > 0, so

u > 2,/ga.OnastringitneedsT' > 0 at the top, so u > +/5ga, which is faster.

3. At the limit umg = mrw?, sow? = =20andw = /20 ~ 4.47rad s™.

2

5. The hanging particle is in equilibrium, so T = 0.6 x 10 = 6 N. Towards the hole: 6 = — ,sov? =10
v/10
andv = V10 ~ 3.16 ms™. w = ; — = ~6.32rads”

Past questions to try

9231/33/0/N/25 Q2: a particle in a bowl at two angular speeds, finding their ratio.
9231/34/0/N/25 Q4: complete circles inside a sphere, then the greatest reaction.

9231/32/0/N/24 Q6: a string that catches on a peg, then goes slack.

9231/32/M/J/24 Q5: two particles on a rough turntable joined by a string.
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