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What you need to know

By the end of this topic you should be able to:

1. Work with a probability density function (pdf) f(z), including one that is defined piecewise (a different
formula on different intervals). Probabilities are areas under its graph, the total area is 1, and you can use
this to find unknown constants.

2. Find the expectation of any function of X with the general result E(g(X)) = /g(ac) f(z) dz. This

covers E(X) and Var(X), but also things like E(v/X), E (%) or Var(X?).

3. Move between the pdf and the cumulative distribution function (CDF) F(z) = P(X < z): integrate f
to get F, differentiate F'to get f. Use either one to find probabilities and percentiles: the median, the
quartiles, the interquartile range, or any "pth percentile".

4. Find the distribution of a related variable Y in simple cases, suchasY = X2Y = VXorY = X3
first find its CDF G(y) from F, then differentiate to get its pdf g(y).

The normal distribution is used in other topics; this topic is about working from a given f or F'.

Understand it

Probability as area

A continuous random variable can take any value in an interval, such as a waiting time or a length. The

chance of hitting one exact value, like X = 2.000.. ., is 0, so we only ever ask for the probability that X lies in
an interval. That probability is the area under the pdf over the interval:

b
Pla< X <b) = / f(z)de.

Because single points have probability 0, P(X < b) and P(X < b) are the same.

A function can only be a pdf if

« f(z) > 0everywhere (a negative area would be a negative probability), and

« thetotalareais 1: f(z)dx =1.

all z
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Outside the interval where the formula is given, f(:z:) = 0; always write "0 otherwise" as part of the definition.

A piecewise pdf
Here is a pdf in two pieces:

ia: 0<x <2,
f(z) = % 2 <z <3,
(O otherwise.

The first piece is a triangle with area £ x 2 x § = 1; the second is arectangle witharea 1 x § = 1. The total
is 1, so this is a valid pdf. The graph does not have to join up where the pieces meet (this one happens to), but

it may never go below the axis.

Af(X) LQ =12
median =2

0.5 -

shaded area=0.5

W= e e e e e ==

uQ=25

When you integrate a piecewise pdf, split the integral at the joins and add the pieces. If the formula has an
unknown constant k, setting the total area equal to 1 gives an equation for k. Areas of triangles and rectangles
are a quick check when a piece is a straight line.

The cumulative distribution function

The CDF gives the area from the far left up to :

T
F(z) =P(X <z)= / f(t)dt.
—00
So F climbs from 0 to 1 and never goes down, and f(z) = F'(z): the pdf is the gradient of the CDF.

For the pdf above:
o for0 <z <2:F(z)= / Ttdt = %wz,soF(z) =1
0

« for2 < z < 3:all of the first piece (3) plus the part of the second piece upto z: F(z) = § +/ 3 dt =
2
32— e ),
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0 z <0,
1.2
1 <

Flz) - §T 0<x <2,
s(z—1) 2<z<3,
1 x> 3.

The second piece must give the same value as the first at the join (F'(2) = % from both), because a CDF has
no jumps. Another way to get the second piece: integrate % to get %a: + ¢, then choose cso that F'(2) = % (or
sothat F'(3) = 1). Forgetting this constant is the most common error in the topic.

0.75
0.5

0.25

I
I
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I
I
I

2

2.5 3
With F' you can read probabilities straight off: P(1 < X < 2.5) = F(2.5) — F(1) =2 — § = 2.
Median, quartiles and percentiles
The median m splits the area in half: F'(m) = =. The lower quartile solves F'(q;) = the upper quartile

)=

F(g3) = 3, and the pth percentile solves F'(z 75 The interquartile range is g3 — .

With a piecewise F', first decide which piece the answer is in by checking the value of F' at the join. Here
F(2)=3:

« median: F(2) = 1 exactly, som = 2;

« lower quartile: ; < 3, so use the first piece: 3¢? = 1, q1 = v/2;
3
1

o upper quartile: % , SO use the second piece: —(q3 —1)=2,¢3= g

The interquartile range is g — /2 = 1.09 (3s.f.). An equation such as $¢* = 1 has two roots; keep only the
one inside the piece's interval.

Expectation of a function of X

For a discrete variable, E(X) = )  p. For a continuous one the sum becomes an integral:

B(X) = / v f(z)de, E(g(X)) = / o(z) f(z) de

Multiply the pdf by whatever you want the expectation of, and integrate over every piece. Then
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For the pdf above:
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The same idea gives the variance of a function: Var (g(X)) = E(g(X)?) — (E(g(X)))’, so Var(vX) =
E(X) - (B(vX))”and Var(X?) = B(X*) - (B(X?))"

Arelated variable Y = g(X)

Suppose Y = v/ X forthe X above. You cannot just substitute into the pdf. Go through the CDF, because a
CDF is a probability, and probabilities can be rewritten:
Gly) =P(Y <y) =P(VX <y) =P(X <y’) = F(y’).
This works because 4/ is an increasing function on z > 0, so squaring both sides keeps the inequality the
right way round. So:
1. Replace z by y? in every piece of F: G(y) = zy*and G(y) = (3> — 1).

2. Change the intervals too. X runsfrom0to 3,s0Y = v X runs from 0 to \/5, andthejoinatx = 2
movestoy = V2

0 y <0,
) e 'h 0<y < V2,
y) =19,
(P —1) V2<y <3,
1 y>\/§.

3. Differentiate to get the pdfof Y: g(y) = 1y for0 < y < v/2,g(y) = yforv2 < y < v/3,and 0
otherwise.

In general, for an increasing g with inverse z = g~(y), G(y) = F (g7 (y)). Two useful facts follow:

« Percentiles carry across. Because G(y) = F(z) wheny = g(z), the median of Y is g(median of X).
Here the median of Y is v/2.

+ Means do not. In general E(g(X)) # g(E(X)). Tofind E(Y), either integrate y g(y) over Y's interval, or
integrate g(z) f(x) over X's interval: both give the same answer.

Key facts and formulas

"Given" means itis in the MF19 list of formulae in the exam. "Learn it" means you must remember it.
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Formula Status
E(X) = /xf(x) dx Given
Var(X) = /me(a:)dm — (E(X))2 Given
f(z)dz =1and f(z) > 0 Learn it
all z
' Learnit
Pla< X <b) :/ f(z)dz = F(b) — F(a)
Fz)=P(X <z)= / f(t)dt,and f(z) = F'(z) Learn it
F = 0 below the range and F' = 1 above it; F' has no jumps Learnit
E(g(X)) = /g(a:) f(z)d=x Learn it
Var(9(X)) = B(9(X)?) — (B(9(X)))’ Learn it
Median m: F(m) = 3; quartiles: F((q1) = §, F(g3) = 2; pth percentile: F(z) = 5 Learn it
Y = g(X) with gincreasing: G(y) = F(g ' (y)), then gy (y) = G'(v) Learn it

For a chi-squared goodness-of-fit test, the expected frequency of a class is n x P(X in the class), found from
the pdf.

Howtodoit

In the Paper 4 questions we have tagged for this topic (34 questions, 2021-2025; 11 repeat a question from
another paper of the same session, so there are 23 different questions), the types came up this often. Almost
every question is a chain of parts: 32 of the 34 mix two or more types, so the counts add up to 103.

Question type Questions
Median, quartiles and percentiles 27
Expectation and variance, including E (g(X)) 22

The distribution of Y = g(X) 18

Finding unknown constants 16

Finding the CDF from the pdf, or the pdf from the CDF 13
Probabilities and expected frequencies 4
Sketching the pdf 3

1. Median, quartiles and percentiles (27 questions)

1. Get F'(z) for every piece (see type 5), unless you already have it.
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2. Find F' at each join and see which interval the target probability (%, %1, %, 1%) fallsin.

3. Solve F'(z) = target using that piece only. If you would rather use areas, remember to include the whole
of the earlier piece: F'(join) + LG f(z)dz = 1.

4. Keep the root inside the interval and say why you reject the other one. Give it exactly if asked ("exact
value").

For the pdfin "Understand it", F'(2) = % so any quartile below the median is in the first piece and any above it
is in the second.

Variations you will meet:

+ Interquartile range: find both quartiles (often in different pieces) and subtract. "Exact" means keep surds,
for example g — /2.

« Other percentiles: the 10th percentile solves F'(z) = 0.1, the 90th F'(z) = 0.9, the 40th F'(z) = 0.4. In
Example 2, F(1) = 1 ~ 0.143, so the 10th percentile is in the first piece.

« "Find a suchthat P(X < a) = ..."isthe same job with a different target.

« Area-based shortcuts. When the right-hand piece is a straight line down to 0, the area to the right of m is
atriangle, and  (base) (height) = 1 can be quicker than integrating.

« The equation is a quadratic in z orin 1/z. For example z* — 132? + 36 = 0 is a quadratic in z: 2> = 4
or 9. Solve for the square, then take the root that lies in the interval.

« Apercentile of Y = g(X): either solve G(y) = target, or find the percentile of X and apply g to it (valid
because g is increasing).

o Comparing medians ("is the median of Y bigger than the median of X ?"): work out both, or work out
G(mx) and compare it with % IfG(mx) < % the median of Y is bigger than mx. ForY = v/ X, the
median of Y is y/mx, which is bigger than mx when 0 < mx < 1 and smallerwhenmyx > 1.

2. Expectation and variance, including E(g(X)) (22 questions)

1. Write the integrand as (the thing you want the expectation of) x f(x), for each piece, with that piece's
limits.
2. Integrate and add the pieces.

3. Fora variance, find E(X?) the same way, then Var(X) = E(X?) — (E(X))2
Variations you will meet:

+ Given E(X), find Var(X): you still have to find E(X?); use the given mean in the formula (keep it as a
fraction).

« Eofafunction, suchasE (%), E(vX) or E(X?): multiply f by 2, \/z or z? and simplify the powers
before integrating, for example z2 x x—lg = !, which integrates to a logarithm.

« Variance of a function: Var(vX) = E(X) — (E(vX))®; Var(X?) = E(X*) — (E(X?))*.

« Only F'is given: differentiate first to get f, then integrate z f (z). Never integrate x F'(z).

« E(Y) after finding g(y): integrate y g(y) over Y's interval, or integrate g(x) f () over X's interval; the
second is often easier and checks the first.
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« Exponentials and logarithms can appear, for example f built from e” or e™” terms; the method is the
same, and f % dzr = In x gives exact log answers.

3. The distribution of Y = g(X) (18 questions)

1. Get F'(z), every piece with its interval (0 below, 1 above).

2.Write G(y) =P(Y <y) =P(X < g '(y)) = F(9 '(y)).ForY = X?substitute z = ,/y; forY =
VX substitute z = y%; forY = X3 substitute z = y'/3; for Y = X1/3 substitute z = 3.

3. Transform every interval end, including the joins: if X goes from a to b with a join at ¢, then Y goes from
g(a)to g(b) withajoinat g(c).

4. Differentiate G to get g(y) if the pdf is asked for. Write "0 otherwise".

Variations you will meet:

» Onlythe CDF of Y is asked: stop after step 3, but give the full definition, with 0 and 1 outside the range.

» The pdfof Y is asked: the CDF route above is the safest. Some mark schemes also accept the chain-rule
shortcut gy (y) = f(z(y)) x ‘;—Z, applied to each piece.

« Otherincreasing functions, suchasY = (X + 1)2 onX > 0orY = e*X: the same steps, with z =
Vy—lorz = %lny.
« Follow-on parts: the median or a percentile of Y (type 1), or E(Y) (type 2).

4. Finding unknown constants (16 questions)
Every condition you are given becomes one equation. Collect as many equations as unknowns and solve.

1. Total area is 1: integrate every piece, with the constants left in, and set the sum equal to 1. For straight-
line pieces, triangle and trapezium areas are quicker.

2. Continuity, when you are told (or shown in a diagram) that the graph of f has no break: the two formulas
are equal at the join.

3. A given probability or percentile: for example "P(X < 1) = 0.3" or "the lower quartile is 1.5" gives
f f dx = that probability over the right interval.

4. Agiven mean: [ zf(z) dz = the given value (see Quick check 5).

5. Constantsin a CDF: use F' = 0 at the bottom of the range, F' = 1 at the top, and matching values at each
join, because F' has no jumps.

"Show that k = ..."is a given answer: write the integral with its limits, the integrated expression, the equation
and its solution. A missing step loses the mark.

5. Finding the CDF from the pdf, or the pdf from the CDF (13 questions)

pdf to CDF:

1. Integrate the first piece from its lower limit to x.
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2. For each later piece, either add F(join) to the integral from the join to x, or integrate with 4+ c and choose ¢
so that the pieces match at the join (or so that F' = 1 at the top).

3. Write the full definition with four lines for a two-piece pdf: 0 below the range, the two pieces with their
intervals, and 1 above. Check F'(top) = 1.

CDF to pdf: differentiate each piece, keep its interval, and add "0 otherwise". Check the result is never
negative.

6. Probabilities and expected frequencies (4 questions)

+ Aprobability: P(a < X < b) = F(b) — F(a) is the quickest route once you have F'; otherwise integrate
f from a to b, splitting at any join.

+ Expected frequencies for a goodness-of-fit test: for each class, expected frequency = n X
P(X in the class), with the probability from F or from integrating f. Show the integral with its limits when
you are asked to show a given value. Then run the chi-squared test as in that topic, combining classes
whose expected frequency is below 5.

7. Sketching the pdf (3 questions)

1. If you are given F', differentiate each piece first.
2. Draw each piece over its own interval; a straight line needs only its end values.
3. Label the z-values of the ends and the joins on the axis, and the height at any peak or corner.

4. Show f = 0 outside the range. Do not add parts of the formula outside its interval.

Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

+ M1 method mark: for a correct method, even if the numbers slip.
e A1l accuracy mark: for a correct answer; it needs the M mark before it.

« B1 mark for a correct result on its own, with no method needed.

Example 1

The continuous random variable X has pdf f(z) = k(z? + 1) for0 < = < 3,and f(z) = 0 otherwise.
(a) Show that k = 7. [2]

(b) Find E(X) and Var(X). [4]

(c) Find the cumulative distribution function of X, and hence find P(X > 2). [4]
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3
(a)/ k(z® +1)dz =k [32° + m]g =k(9+3) =12k = 1,s0k = 5. M1 for integrating and setting equal
0

to 1, A1l for the given answer with the working shown.

1/ 1 3

(b)E(X)=—/ (2° +2)dz = 5 [fo* +42”], = 35 (% +3) = ;- MLAL

12 /, 12

E(X2):i 3(31:4—1—:L'2)dx:i(m+9)=—.
12 /, 1215 5

24 (33\° 699
Var(X) = (—) = ——— = 0.546 (3 s.f.). M1 for the variance formula with their values, A1

5 \16) ~ 1280
1 [ 343
(c)For0<w<3:F(m):E/ (2 +1)dt = = 9% m1a1
0
[O z <0,
3
F)={ %132 (<aqs,
36
1 T >3

A1l for the 0 and 1 with correct intervals.

8+6 11

P(X>2)=1-F2)=1-——=1T0

Example 2

The continuous random variable X has pdf

(k2 0<z<1,

f(a:):ik 1<z <3,
0

otherwise,

where k is a constant.
(a) Show that k = 2. [2]
(b) Find the cumulative distribution function of X. [4]

(c) Find the median and the 10th percentile of X. [4]

1 3
(a)/ k:z:2dm+/ kdm:%k+2k:gkzl,sok:%.mm
0 1

(b)For0 < z < 1: F(z) = / 32 dt = 12°.B1
0

Atthejoin, F(1) = 1. Forl <z < 3: F(z) =1 +/ $dt =1+ 3(z — 1) = =2 M1 forincluding the first
1

piece's total (or finding the constant), A1
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0 z <0,

F(:z:)— %:1:3 0<z <1,
1(3z-2) 1<z<3,
1 x> 3.

A1 for the full definition. Check: F(3) = £ = 1.

(c)F(1) = % < 1, sothe median is in the second piece: %(Bm -2)=13m=3,m= % M1A1l

F(1) = 1 ~0.143 > 0.1, so the 10th percentile is in the first piece: 22° = 0.1, 2> = 0.7, z = 0.888 (3 s.f.).
M1Al

Example 3
2

The continuous random variable X has pdf f(z) = — for1 < = < 2,and f(z) = 0 otherwise. The random
i

variable Y is defined by Y = X3,

(a) Find the cumulative distribution function of X . [2]

(b) Find the probability density function of Y. [4]

(c) Find the exact median of Y, and find E(Y"). [4]

€ z 2
(@)Forl <z < 2: F(z) = / 2t %dt = [-2t '] =2 — =.With F(z) = Oforz < 1and F(z) = 1for
1 €T
z > 2.M1A1

(b) G(y) = P(X® < y) = P(X < y'/3) = F(y'/3) = 2 — 2y~ /3. M1 for replacing z by y'/3.
zrunsfrom1to2, soyrunsfrom1® = 1t0 23 = 8. B1

9(y) = G'(y) = 2y 3 forl < y < 8,and g(y) = 0 otherwise. M1 for differentiating, A1
(©)G(y) = 2:2 -2y 13 = 1,50y V3 = 4,41/3 = Zandthe medianisy = 3. M1A1

3

,and (3)" = 52

(Check: the median of X solves2 — 2 = 1,m =

ol
l\’)lcb
SR

8 8
E(Y) :/1 y 3y Pdy =3 [%yz/?’]l —4-1=3M1A1

2
2
(Check the other way: E(X3) = / z - = dr = [aﬂf = 3. Notethat E(X) = 2In2 ~ 1.386 and
1

1.386° =~ 2.66, not 3: the mean does not carry across, the median does.)

Example 4

The continuous random variable X has cumulative distribution function
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0 x <0,

F(CL‘)— az® 0<x <2,
1-b(4—-2)* 2<z<4,
1 x >4,

where a and b are constants. The probability density function of X is continuous at z = 2.
(a) Show that @ = 5 and find b. [3]

(b) Sketch the graph of the probability density function of X . [2]

(c) Find E(X). [3]

(d) Find the interquartile range of X . [4]

(a) FFhasnojumpat2:8a =1 — 4b.B1

The pdfis f(z) = 3az? on the first piece and 2b(4 — x) on the second. Continuous at 2: 12a = 4b, so b = 3a.
M1 for differentiating and equating at x = 2.

Then8a =1 —12a,s0a = 5 andb = 5.A1

(b) f(z) = %azz for0 <z <2 f(z) = %(4 —x) for2 < = < 4, 0 otherwise. It rises as a curve to (2, 0.6),
then falls in a straight line to (4, 0). B1 for the shape, B1 for 2, 4 and 0.6 labelled.

Af(X)
(2,0.8)
1) SR R ——— |
|
:
|
: straight line
curve :
|
|
|
|
:
I .
» X
0 2 4
4
() B(X / _m dm+/ 130(4"” —a?)dz = ;_0(4) + % (%) = % + % = 1gl.leor:I:f(w) on both

pieces, M1 for correct limits, A1
(d)F(2) =% =%.B1
Lower quartile: < 2, sofirst piece: 55qf = 1,4} =5, q1 = v/5 = 1.710. M1

Upper quartile: 3 > % so second piece: 1 — %(4 —g)? =3 (4—gq)? = g g3 =4— \/g = 2.709 (taking
the root below 4). M1

Interquartile range = 2.709 — 1.710 = 0.999 (3s.f.). Al
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Common mistakes

» Leaving out the constant in the second piece of the CDF. Integrating the second piece of f and
stopping gives a CDF that jumps at the join. Examiners see this every year. Add F'(join), or find ¢ from
F(join) or F(top) = 1, and check that the pieces match.

« Writing "F'(z) = 0 otherwise". A CDF is 0 below the range and 1 above it. Give them as two separate
lines with their intervals.

« Leaving out "0 otherwise" for a pdf, or giving the wrong value outside the range.

m

« Using the wrong piece for a median or quartile. A common error is to solve fdx = % and forget the

join
probability already in the first piece. Find F' at the join first.

* Keeping both roots. A quadratic for a percentile often has one root outside the range; reject it and say so.

« Setting the pdf equal to % (or 0.3) instead of the CDF. Percentiles come from F', never from f.

« Not changing the interval for Y. If X runsfrom1to 2and Y = X3, thenY runs from 1 to 8. Transform
the joins too.

« Finding G(y) and stopping when the pdf of Y was asked for: differentiate. Mixing up G and g when
finding E(Y") is also common: integrate y g(y), noty G(y).

« Integrating the pdf the long way for a probability when F'is already known. F'(b) — F'(a) is quicker and
safer.

+ Rounding too early. Keep fractions (like % or ‘;’—g) until the end; arounded mean squared in the variance
formula can change the third significant figure. Give exact answers when the question says "exact".

How to get the marks

« "Showthatk = ...": set up the integral with its limits (or the areas), show the integrated expression, form
the equation and solve it. The answer is given, so every step must be visible.

+ "Find the CDF": the method mark s for integrating each piece; the accuracy marks need the right
constant and a complete definition, covering all real z, with 0 below and 1 above. Boundaries may overlap
(writing < on both sides of a join is accepted), but there must be no gaps.

« "Find the pdf": differentiate each piece and state "0 otherwise"; the intervals must cover everything.

+ Medians and percentiles: the method mark is for choosing the right piece and setting F' = target. Show
F' at the join so the examiner sees why you chose it. Give one answer only.

« Expectation and variance: show [ zf(z) dz (or z* f(z), or g(z) f()) with limits for each piece. For a
variance the mark scheme wants to see E(X?) — (E(X))? with numbers in.

« Related variable: marks go for substituting into F' (not f), for the new intervals, and for differentiating. If
you use the chain-rule shortcut instead, apply it to every piece.

+ "Determine whether" (for example comparing two medians): a calculation plus a clear conclusion in

words.
« Sketches: correct shape for each piece, with the key z-values (ends and joins) labelled.

« Accuracy: 3 significant figures unless told otherwise; exact (fractions, surds, logs) when the question
says "exact". Method marks follow through from an earlier wrong answer, so keep going.
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Quick check

1. The continuous random variable X has pdf f(x) = k(2z + 3) for0 < < 1, and 0 otherwise. Find k, the
exact median of X, and E(X).

2. The continuous random variable X has CDF F(z) = 1z%*(3 — z) for0 < z < 2, with F(z) = Oforz < 0
and F(x) = 1forz > 2. Find the pdf of X, P(0.5 < X < 1.5) and Var(X).

3. The continuous random variable X has CDF F'(z) = %wi" for0 < z < 2(0 below, 1 above). Find the pdf of
Y = X2 andthe medianof Y.

4. Amodel for X has pdf f(z) = tzfor0 < z
frequencies fortheclasses 0 < z < 1,1 <
combined before a chi-squared test?

< 4, and 0 otherwise. For 64 observations, find the expected
r<22<z<3and3 < z < 4. Which classes should be

5. The continuous random variable X has pdf f(z) = a + bz for 0 < = < 2, and 0 otherwise. Given that

E(X) = 13, findaandb.
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Answers

1.k [a:2+3a:}(1) =4k =1,s0k = 1. F(z) = }(2* + 3z); F(m) = ; givesm? + 3m —2 = 0,som =

_ . . ! 1/2 3\ 13
=34V1T (the other root is negative). E(X) = %1/0 (22° 4 3z) dzx = 1 (5 + 5) =51

2. f(z) = ( ) = %(6@« —32?) = 32(2 — z) for0 < = < 2, O otherwise. P(0.5 < X < 1.5) = F(1.5) —
F(0.5) = ﬁ — = = 1¢. The graph of f is symmetrical aboutz = 1, s0 E(X) = 1; E(X?) =

2
%/ (22° — z')dz = = 3 (8— 32) = g,soVar(X): g —1= %
0

4 5
3.G(y) = F(,/y) = 3y*/*for0 < y < 4,50g(y) = £y"/?for0 < y < 4, 0 otherwise. Median: 13%/% = 1,
y*? = 4, y: 42/3 = 2.52 (3s.1).
4. F(x) = 5> so the class probabilities are 15 6, 16, 16, 16 L and the expected frequencies are 4, 12, 20 and 28.
The first is below 5, so combine the first two classes (expected 16).

8

13
—b = ——. Subtracting, 2b= L ,sob =1 and
3 12 3

2
5. Total area: 2a + 2b = 1. Mean: / (az + bx?) dz = 2a + 12,
0

_3
G,—S.

Past questions to try

9231/42/M/J/22 Q3: a constant, a variance from a given mean, and a median that needs the right piece.

9231/42/0/N/22 Q4: a constant, an interquartile range across two pieces, and a variance.
9231/43/M/J/23 Q1: CDF, the pdf of a related variable, and an exact median.
9231/42/0/N/24 Q4: CDF, the pdf of Y = (X — 1)%, its median and E(Y").
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