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What you need to know

By the end of this topic you should be able to:

1. Solve afirst order linear differential equation with an integrating factor: write it as C%Ci + P(2)y =
Q(m), find the integrating factor efpd””, and use it to find the general solution.

2. Know what "complementary function" and "particular integral" mean for a linear differential equation,
and that the general solution is the complementary function plus a particular integral.

3. Find the complementary function of a first or second order linear equation with constant coefficients,
from the auxiliary equation. For second order equations this covers two different real roots, a repeated real
root, and a pair of complex conjugate roots.

4. Find a particular integral when the right-hand side is a polynomial, ae®®, or a cos px + bsin px, knowing
the form to try. In other simple cases you are given the form (for example kwebz) and find the coefficient.

5. Use a given substitution to turn a differential equation into a first or second order linear equation with
constant coefficients, or into a first order equation whose variables separate. Examples are z = ef, y = vz
andz =x +y.

6. Use initial conditions to find a particular solution, and interpret a solution in terms of the problem it
models, such as what happens for large values of x or ¢.

The integrals you need along the way (standard forms, partial fractions, integration by parts, hyperbolic
functions) are taught in the Integration note, and the hyperbolic identities and logarithmic forms in the
Hyperbolic functions note. This note uses them.

Understand it

What a differential equation is

A differential equation links an unknown function y with its derivatives. Its order is the highest derivative in it:
% + 3y = x is first order, j—i% — y = 0is second order. It is linear when y and its derivatives appear only to the
power 1 and are never multiplied together, although their coefficients can be any functions of .
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To solve it means to find y as a function of z. The general solution contains arbitrary constants: one for a first
order equation, two for a second order one, because solving it undoes one differentiation per order. Extra
information, such as"y = 1 and % = 0when z = 0" (the initial conditions), fixes the constants and gives a
particular solution.

First order: the integrating factor

Every first order linear equation can be written in the standard form

% —|—P(.’E)y = Q(x)a

so first divide by the coefficient of %. The left side is almost the derivative of a product. Multiply the whole
equation by the integrating factor

I:efpdl'.

since £ = PI, the product rule gives L (Iy) = % + PIy, which is exactly the new left side. So the
equation becomes

d

%(Iy):IQ = Iy:/IQdac.

Forexample, % + 2y = 1022 has I = e/ % = ¢2"* — 42 Then 4L (2%y) = 10z*, so z’y = 22° + C'and
y =2z3 + —- The constant goes in when you integrate, before you divide by I, so it is divided too.
T

e f@) — f(z) is what makes integrating factors simple. You don't need a constant in f P dz (it would only
multiply I by a number), and when f(z) > 0 you can drop the modulus. Common ones:

P(z) [ Pdx Integrating factor
E klnx xF
T

! !
f'(=z) or—f (z)  +Inf(z) f(z) or ——

f(z) f(z) f(z)
tanzx Inseczx secx
tanh z or coth x In cosh z orIn sinh z coshz orsinh z

1 LT T ++vVz2 + a? z + vx2 + a2 (the L is a constant, so drop it)

Vai it @ b =T ‘

A multiple changes the power: P = % gives [Pdz = 1Inf,sol = \/f(z).

Separating the variables

After a substitution (see the last section), a first order equation often becomes % = f(z) g(v). Put everything
with v on one side and everything with x on the other, then integrate both sides:

/ﬁd’u:/f(a:)dm.
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One constant, on one side, is enough.

Constant coefficients: complementary function plus particular integral

Now look at equations such as

d*y dy
a3 +b%+cy— f(z),

where a, b, c are numbers. The complementary function (CF) is the general solution of the same equation
with 0 on the right. It carries the arbitrary constants. A particular integral (Pl) is any one function that gives
exactly f(x) on the right, with no arbitrary constants.

Because the left side is linear, puttinginy = CF + PIgives 0 + f(z) = f(x). So

general solution = complementary function + particular integral.

Finding the complementary function

Tryy = €™ inay” + by’ + cy = 0. Every term has a factor e”*, which is never zero, so it works when m
solves the auxiliary equation

am?® +bm +c¢ = 0.

Its roots decide the form of the CF:

Roots of the Complementary function Example
auxiliary equation

Two different real y = Ae™? 4 Be™*" y" — 5y +6y=0:m=2,3,s0y = Ae*® + Be**
roots mi, me

One repeated rootm y = (A + Bz)e™ y' +6y +9y=0:m=-3,s0y = (A + Bzx)e>*
Complex roots y =e**(Acosfz + BsinfBz) y' +2y + 10y = 0:m = —1 + 34, so

a £ Bi y =e *(Acos3x + Bsin3x)

For a repeated root, Ae™* 4+ Be™ is really only one constant, so the extra factor x provides the second
solution. For complex roots, e(@+5i)z — e**(cos Bz + i sin fx), and combining it with its conjugate leaves the
real functions e®* cos Sz and e** sin Sz. Note that 3, not 34, goes inside the cosine and sine.

A first order equation % + ky = f(z) with constant k& works the same way: the auxiliary equationm + k = 0
gives the CFy = Ae *7. (The integrating factor e** also solves it.)

Finding a particular integral

Try a function of the same kind as the right-hand side, with unknown coefficients:
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Right-hand side f(x) Try

A polynomial of degree n, suchas A general polynomial of degree n: pw2 + qx + r (all terms, eveniif f
z? -3 has some missing)

aet® Leb®

a cos px, bsin pz, or A cos pr + psin px (both terms, even if f has only one)

a cos pr + bsin px

Differentiate your trial function twice, substitute into the left side, and equate coefficients of each power of
(or of cos px and sin px) to get simultaneous equations for the unknowns.

When the trial function is already part of the CF it gives 0 on the left, so it can't work. The question then gives
you the form to use, usually the ordinary form times z (or times z? if the root is repeated). For example, in Yy +
16y = 8 cos4x the CFis A cos 4z + Bsindz, sotry y = kz sin 4x:

y" = 8kcosdx — 16kxsindx, so 4" + 16y = 8kcosdxr = 8cosdr = k = 1.

Using initial conditions

The initial conditions go into the general solution (CF + PI), never into the CF alone. For a second order
equation, differentiate the general solution (with the product rule when the CF is e**(. . .)), then putinz = 0
with both conditions. That gives two equations for A and B.

What happens for large x

If every root of the auxiliary equation is negative (or has a negative real part), every CF term contains a
decaying factor suchas e * or e %* Ittendsto 0 as z — oo whatever A and B are, so for large x every
solution is close to the particular integral. In a model where t is time, the CF is the part that dies out and the Pl is
the long-term behaviour.

- = = - particular integral V13 sin(3x - ¢)

two full solutions, y(0) = 2 and y(0) = -5
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The diagram shows the solutions of Example 3. When the Plis A cos px + p sin pz, a question may ask you to
write it as a single sine wave R sin(pz + ¢), using the compound angle formula (in MF19) and R = /A2 + p?

Using a given substitution

Some equations are not linear with constant coefficients as they stand, but a substitution given in the question
turns them into one of the types above. The work is always the same: express the old derivatives in terms of
the new ones, substitute, and simplify.

d d
y = vz, where v is a function of z: the product rule gives d—y =v+ md—v This suits equations in which =
XL £

and y appear as % or with the same total power in every term; after substituting, the x's cancel and the
variables separate.

h bination): dz 1 dy dy dz
z = x + y (or another combination): In + dm,so dr — do
_ Lt ; ; od’y _ dy . de _ _t _ . . dy dy
+ z = ¢, forequations with terms z* -3, x> and y. Since 7 = e’ = z, the chain rule gives x% =
. . o L,dy  dly dy . o
Differentiating again, « dz? = F T The equation then has constant coefficients in t (Example 4).

« Anew dependent variable, suchas v = 3", y = z>w ory = cosh u. Differentiate the relation twice with
dv 1 dy d?v |4y 5 ((dy 2

the chain and product rules. Forv = y™*: — = ny" "—and — = ny" "— — Dy — | .

P TV T @ ez Y g2 +n(n—1y (dm)

Then replace each group of terms in the given equation.

After solving the new equation, go back to the original variables: v = % t=Inz(soe* = z?),w = %, and

2
soon.

Key facts and formulas

"Given" means itis in the MF19 list of formulae in the exam. "Learn it" means you must remember it. MF19 has
no formulas for differential equations themselves, so all of the methods must be learnt.

Formula Status
d
d—y + P(z)y = Q(z): integrating factor I = e/ 9% then Iy = [ IQ dx Learn
z it
General solution = complementary function + particular integral Learn
it
Auxiliary equation of ay” + by’ +cy = 0:am? +bm +c =0 Learn

CF: Ae™? + Be™" (real, different); (A + Bz)e™" (repeated); e** (A cos Sz + B sin fz) (roots Learn
o =+ Bi) it

CFofy' + ky = 0: Ae ** Learn
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Formula Status
Pl to try: polynomial of the same degree; ke?®; A cos px + psin px Learn
it
dy dv ¢ dy dy ,dy dy dy Learn
=vr = =vtr——r=e ST ==, ) = —- —
Y d da de  dt'" da?  d? dt it
Acospzx + psinpr = Rsin(pz + ¢) with R = /A2 + u2, Rcos¢ = p, Rsing = A Learn
it
sin(A + B) = sin Acos B + cos Asin B Given
! x .
[ (@) dz = In|f(z)[; integration by parts Given
f(x)
sinh 'z = In (zc +Vx? + 1), cosh 'z =1In (:c +v/x2 — 1) Given
dx NN dx LT dzx 1 z Given
—  =sin'Z, [—— =sinh ' =, [ —— = Ztan' =
f\/aQ—m2 af\/a:2+a2 afx2_|_a2 a o
Jtanz dz = In|secz|, [ tanhz dz = Incoshz, [ cothz dz = In|sinh z| Learn

Howtodoit

In the Paper 2 questions we have tagged for this topic (64 questions, 2021-2025; 20 of them repeat a question
from another paper of the same session, so there are 44 different questions), the types came up this often. 3 of
the 64 questions mix two types (a substitution, then solving the new second order equation), so the counts add
up to more than 64. Some also have a part on hyperbolic identities, differentiation or integration; those parts
are taught in their own topics, and only the differential equation is counted here.

Question type Questions
First order linear: integrating factor 28

Second order: particular solution from initial conditions 23

Second order: general solution and behaviour for large x 9
Reducing an equation with a given substitution 7

1. First order linear: integrating factor (28 questions)

1. Put it in standard form: divide by the coefficient of j—g so the equation reads Z—i + P(2)y = Q(x). Take
care with the sign of P.

2. Find the integrating factor I = el Pz gngd simplify it to a function without e and In, using the table in
"Understand it".

3. Write the left side as d% (Iy) and the right side as 1@, simplified. It usually simplifies a lot (Example 1).
4. Integrate the right side and include +C'.
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5. Use the initial condition to find C, then divide by I to give y = f(z) if the question asks for that form.

Variations you will meet:

2
’ sinh 2z

« A hyperbolic ortrigonometric P, such as coth z, tanh x or tan z. Recognise f Pdxasa

logarithm (often with a hint from part (a), for example the derivative of In tanh x), then simplify e»(---).

+ Arational P: if the top is a multiple of the derivative of the bottom, [ P dx is a multiple of In(bottom), so I

is a power of the bottom, such as —' (from P = ——£-) or (4 — z?)~1/2 (from P = Z5). Otherwise use
partial fractions.

« "Show that an appropriate integrating factoris ...": show the integral (for example a sinh ™! orcosh ™!
form from MF19), turn it into a logarithm, and simplify e(--) to the printed form.

+ Integrating the right side needs a technique from the Integration note: a standard form after completing
the square (sin™*, sinh_l), partial fractions, integration by parts (for example f tan—! z dz), oraresult
proved in part (a) ("hence").

« Anequationstartingz% — y = ...has P = —1 after dividing by z,s0 I = 1.

» Constant coefficients, such as % + ky = sin z: either use I = €*® (two rounds of integration by parts)
or, usually quicker, CF Ae % plusa Pl X cos z + psinz.

« Otherletters: the variables may be z and ¢, or y and . Keep the letters the question uses.

2. Second order: particular solution from initial conditions (23 questions)

1. Auxiliary equation: write am? + bm + ¢ = 0 and solve it. Decide which case the roots are.
2. Complementary function in the right form for that case, in terms of the right variable (x or t).

3. Particular integral: write the trial function, its first and second derivatives, substitute and equate
coefficients. Solve the simultaneous equations carefully and check by substituting back.

4. General solution: y = CF + PI, written as an equation starting "y =".
5. Differentiate the general solution, using the product rule on e**( A cos Sz + B sin Sz).

6. Put in the initial conditions (z = 0 usually), solve for A and B, and write the final answeras "y = .. .".
Variations you will meet:

« Allthree cases of roots appear: distinct real (for example 10m? — 7m + 1 = 0 gives m = %, %),
repeated, and complex with fractions such as m = —1 & 24, which give e*/4 (A cos & + Bsin 32).

« Right-hand sides: a quadratic (try pz? + gz + ), a constant (try y = k; a report praised this quick
choice), an exponential (try keb®), or a sine or cosine.

o Aright-hand side in disguise: cosh x + sinh x = €%, so a power of cosh x + sinh x is an exponential.
Part (a) often proves this.

 "Find k such that kzeb” is a particular integral”: the given form clashes with the CF. Differentiate it twice
with the product rule, substitute and match the coefficients of ebm; the terms in ze®® cancel.

« Initial values that are not zero, suchas z = 5 and ili—f = —2whent = 0: the PI's value and gradient at 0
still count, so include them when you form the equations for A and B.

« Afollow-up, such as "find the exact value of x for which y = 0": set the particular solution to 0 and solve,
for example as a sinh or logarithm equation.
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3. Second order: general solution and behaviour for large = (9 questions)

1.
2.

3.
4,

Find the general solution as in type 2, steps 1-4.

Say why the CF disappears: each term has a factor such as e or e /2, so it tends to 0 as z — oo for
any initial conditions.

State the approximation y ~ PI as an equation (not with an arrow).

If asked for R sin(px + qS), expand it with the compound angle formula, match coefficients with the PI, and

find R = /A2 4+ p? and ¢.

Variations you will meet:

A polynomial PI: "state an approximate solution for large =" means, forexample, y ~ x — g

Other quantities: "deduce an approximate value of ili—f for large t" means differentiate the PI.

Choosing the quadrant of ¢: with "R sin(pz — ¢), where R and ¢ are positive", both R cos ¢ and R sin ¢
come out with signs. If the Plis — 5 cos 2z — = sin 2z, then Rcos ¢ = — 2 and Rsing = 5+, S0 R = £
and ¢ is obtuse: ¢ = m — tan—! % ~ 2.21. Always check both signs.

A substitution first: the second order equation may come from part (a) of a substitution question (type 4).

4. Reducing an equation with a given substitution (7 questions)

5.

. Differentiate the substitution to express the old derivatives in terms of the new ones (see the last section

of "Understand it").

. Substitute everything into the equation and simplify. If a result is printed, show enough lines to reach it
exactly.

. Solve the new equation: separate the variables (first order), or CF + PI (second order).

. Change back to the original variables, and convert the initial conditions too if they are given for the original
ones.
Give the answer in the form asked, for example "a ln(ac +y)+ b(ac —y) + ¢ = 0"or"apolynomial in z".

Variations you will meet:

y = vz with a square root, such as 4/ x2 + y2: x comes out of the root, the variables separate, and the v
integral is a sinh ! or cosh ! form from MF19. Turn itinto a logarithm, and square to remove the root if a
polynomial answer is wanted.

z = x + y (or z = ax + by): the right side becomes a function of z only, then separate. A fraction such as
ztl needs dividing first.

v=y",y= a:2w, y = cosh u: part (a) is a "show that" with the chain and product rules; part (b) solves the
constant-coefficient equation and converts back. With y = cosh u, the initial conditions for u become
conditions for y: y(0) = cosh«(0) and % = sinhu 2. Atthe end, u = cosh™" y written as a logarithm.

x = €' (inthe syllabus, not yet in our tagged questions): the equation in ¢ has constant coefficients, and the
answer goes back with e! = z (Example 4).
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Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

+ M1 method mark: for a correct method, even if the numbers slip.
« Al accuracy mark: for a correct answer; it needs the M mark before it.

« B1 mark for a correct result on its own, with no method needed.

Example 1

Find the solution of the differential equation

d .
—y-i—ytanzc:sm2xcosx, 0<z <3,

dz

for which y = 1 when z = 0. Give your answer in the formy = f(z). [7]

The equation is already in standard form, with P = tan z.

I — eftanmda: _ elnsecx — sec .

M1 A1 for the integrating factor.

— (ysecz) = sec x sin 2z cos ¢ = sin 2z.
dz
M1 for the left side as d% (Iy) and the right side multiplied by I.

ysecr = —%cosanLC.

Al
Atz =0,y=1:1=—3+C,s0C =3.M1
y:cosm(% — %cos2a¢) :cosx(1+sin2:1:).

M1 for multiplying by cos z, Al. (Using cos 2z = 1 — 2 sin? z; the answer 2 cos z — cos® z is the same.)

Example 2

Find the particular solution of the differential equation

d’y dy

—2 422 110y =10z> + 4z + 2
dm2+ d:z:+ Oy 0x” + 4x + 2,
giventhaty = 1and & = O whenz = 0.[10]

Auxiliary equation m? + 2m + 10 = 0,som = —1 + 3i. M1

CF:y = e *(Acos3z + Bsin3z). Al

pastopic.com/cambridge/further-mathematics-9231/notes/differential-equations Page 9 of 14



pastopic Differential equations Notes - Further Mathematics 9231 - Pastopic

Pl:tryy = pz® + gz +r,soy’ = 2pz + gand y" = 2p. B1

2p + 2(2pz + q) + 10(pz? + gz + ) = 10pz? + (4p + 10q)z + (2p + 2¢ + 107).
Equating coefficients: 10p = 10,4p + 10g = 4,2p+ 2¢ + 10r = 2,sop=1,¢=0,r = 0. M1A1l
General solution: y = e ?(A cos 3z + Bsin 3z) + z?. Al
Differentiate with the product rule:

dy _

y e *(—3Asin3z + 3B cos3z) — e “(Acos 3z + Bsin 3z) + 2z.
T

M1

(v A dy _ _ 1
Atz =0:y=A=1and3 =3B - A=0,50B = 3.M1A1
y=e “ (cos3z + 3 sin3z) + z”.

Al

Example 3

(a) Find the general solution of the differential equation

Py 2B | 5y~ 26053
dz2 dm+ y = 20 cos ox.

[7]

(b) Show that, for large positive values of z and for any initial conditions, y ~ R sin(3:c — ¢), where R and ¢
are positive constants to be found. [3]

(@m?+2m+5=0ssom=—1+2i. M1

CF:y = e *(Acos2z + Bsin2z). Al

Pl:tryy = Acos 3z + psin3z,s0y’ = —3Asin3z + 3ucos3z andy” = —9A cos 3z — 9u sin 3z. M1 AL
Substituting and collecting:

cos3dx : —9A+6p +5A =26 = —4\+ 6u = 26, sin3z: —9u—6A+5u=0 = —6A—4u=0.
M1

From the second, p = —%)\; then —4X — 9\ = 26,s0\ = —2and u = 3. Al

y=e “(Acos2z + Bsin2x) — 2 cos 3z + 3sin 3z.

Al

(b) Asz — oo, e % — 0, so the CF tends to 0 whatever A and B are, and y ~ —2 cos 3z + 3 sin 3z. M1 (with
setting up Rsin(3z — ¢) = Rsin 3z cos ¢ — R cos 3z sin ¢)
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Matchingwith A = =2, u = 3: Rcos¢p = p=3and Rsin¢p = —A =2,s0R =

2 —
2,¢ =0.588(3s.f). A1A1

y ~ v/13sin(3z — 0.588).

V9+4=+13andtan¢ =

The diagram in "Understand it" shows two solutions of this equation settling onto this curve.

Example 4

(a) Show that the substitution z = e’ transforms the differential equation

d? d
2%—2xd—y+2y—6m z >0,

d’y ,dy 3
into Froi 3@ + 2y = 6e”'. [4]

(b) Hence find the general solution for y in terms of . [5]

dz _ dy _ dy — .4y
(a) & = et =z,80 o dt—mdx.Bl

Differentiate y = :r W|th respect to ¢, using the product rule:

d’y dzdy d2yd:v B dy+ 2, d%y
dt? ~ dtde | Cde? dt da: dz?’
M1Al

2 2
So :Jc2gTZ = 2732’ Z‘It’, and the equation becomes

d’y dy dy 3 d?y dy
(W—a>—2%+2 = be iﬁ—3a+2

A1, the given answer.
(b)m? —3m+2=0,som = 1,2, and the CFisy = Ae’ + Be*. M1A1
Pl:tryy = ke®: 9k — 9k + 2k = 6,s0k = 3. M1A1
y = Ae' + Be? + 3¢ and with ¢! =
y = Az + Bx? 4 3z3.

Al. (Check: y = 3z° gives z%(18z) — 2z(922) + 2(3z%) = 623.)

Common mistakes

o Finding the mtegratmg factor before dividing through. The coefficient of dy must be 1 first. For .’Bd

y=..,P= —; and I = ;, not e~/ 1% Mark schemes give a mark just ford|V|d|ng through.

Inz

« Signslips in the integrating factor. e ™* = 1 not —z; e zlnf — f-1/2,

« Not multiplying the right side by I, or not simplifying it. Reports say the best answers simplified I1Q fully

first; then the integral was often easy to see.
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Adding +C after dividing by I. It must be added when you integrate: y = ([ IQ dz + C).

Errors solving for the particular integral. Reports every year mention slips in the simultaneous equations
for the coefficients. Write each equation separately and check the PI by substituting it back.

The wrong form of the CF. A repeated root needs (A + Bz)e™"; complex roots o + i give

e**(A cos Bz + B sin Bz), not €5® or cos(Biz).

Using initial conditions on the CF alone. Put them into the whole general solution, and differentiate it with
the product rule.

An expression instead of an equation. Reports often say candidates wrote only the right-hand side. The
general and particular solutions must start "y =" (or "z ="), or the final mark is lost.

The wrong variable. If the equation is in = and ¢, the CF must use t: writing e ~2* for e % loses the mark.
Forlarge x, working with the wrong part or an arrow. Say the CF tends to 0, then write y ~ Pl as an
equation; reports mention arrows used instead of "=". Check the signs of R cos ¢ and R sin ¢ before
choosing ¢.

Stopping after the substitution. Reports ona z = x + y question say some candidates reached the

separable equation but did not separate the variables, or did not give the answer in the required form.
Finish the job, and read which form is wanted.

How to get the marks

Integrating factor questions usually score B1 for dividing through, M1 A1 for the integrating factor, M1 for
% (Iy) = IQ, M1 Al for integrating the right side, M1 for using the initial condition, and A1 for the answer.
Show [ PdzaswellasI.

Second order questions usually score M1 for the auxiliary equation (with the right type of roots), Al for
the CF, M1 A1l for the PlI's form and derivatives, M1 for substituting and equating coefficients, A1 for the
general solution, then M1 for differentiating, M1 A1 for the initial conditions and A1 for the final answer.
Method marks follow through. A slip in the Pl still leaves the marks for using the initial conditions, as long
as your CF has the correct form.

"Show that" (a substitution or an integrating factor): the answer is printed, so every step must be seen,
including each derivative and the line before the result.

"Hence" means use part (a): the derivative you proved in (a) is usually exactly the integral you need in (b).

"Exact form": keep logarithms, surds, m and inverse functions such as sinh™! ””7_2; an unsimplified but

correct exact answer is accepted.

"Give your answer in the formy = f(x)": divide through by the integrating factor at the end.

Large z: the method mark needs a reason (the exponential factor tends to 0) as well as the PI; angles can
be in radians or degrees, to 3 significant figures.

Quick check

d
1. Find the general solution of &Y + 4y = 8z + 6.

dz
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2. Write down the complementary function of (a) y” — ¢’ — 12y = 0, (b) 4y” + 4y’ +y =0, (c) y" — 4y’ +
13y = 0.

3. Find the value of k for which y = kxz2e*® is a particular integral of % — 4% + 4y = 6€**, and write down
the general solution. ’ ’

4. Use the substitution z = x + y to find the solution of % = (x +y)? — 1forwhichy = 1whenz = 0.

Give your answer inthe formy = f(x).

d
5. Use the substitution y = v to find the solution of md—y =y+ ze ¥/% forz > 1, for which y = 0when
X

z=1.
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Answers

1.CF:m+4=0,s0y = Ae . Plitryy = pz + q:p + 4(px + q) = 8z + 6,504p = 8andp + 4q = 6,
givingp = 2,q = 1.y = Ae ** 4 2z + 1. (With I = e** and integration by parts you get the same.)

2.@m?—m—12=(m—4)(m+3) =0:y = Ae* + Be . (b)4m? + 4m + 1 = (2m + 1)> = 0, so
4+ /16 — 52
2

m = —j twice:y = (A + Bz)e *2.(c)m = =2+ 3i:y = e**(Acos 3z + Bsin 3z).

3.9y = k(2z + 222)e*,y" = k(2 + 8z + 422)e?®. Theny” — 4y + 4y =
ke?® [(2 + 8z + 4a?) — (8x + 8x?) + 4a?] = 2ke?®, s0 2k = 6 and k = 3. The auxiliary equation (m —
2)? = 0 givesthe CF,soy = (A + Bzx)e?® + 3x2e™.

d d d d 1
g Y —z—l,SO—Z—1=z2—1,thatis—Z :zz.Separating,/z_zdz:/da:,so__:q;+0_At
de dx dx dx >
=0,z=1,s0C = —-1and = —.S0y= —— —
x=0z2 C T4y T2 y=7— "¢
d d d
5.v+a:—v:v—i—e‘”,sow—v:e‘”.Separating,/e”dv:/_m,SOev:lnx+C_Atw:vao:
dz dx T

C=1Sov=In(l+Inz)andy = zIn(1 + Inz).

Past questions to try

9231/22/0/N/24 Q7: an integrating factor from the derivative of In tanh x, proved in part (a).

9231/23/M/J/24 Q5: a general solution with a repeated root, then the R sin(t — ¢) form for large ¢.

9231/22/0/N/23 Q8: the substitution v = y*, then a particular solution of the new equation.

9231/22/M/J/22 QB6: the substitution y = va with a square root, and an answer as a polynomial.
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