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What you need to know

By the end of this topic you should be able to:

1. Use the links between the roots and the coefficients of a polynomial equation of degree 2, 3 or 4. Given
the equation, write down the sum of the roots, the sum of their products in pairs, and so on, straight from
the coefficients. Use these to work out other symmetric expressions in the roots (sums of squares, cubes
and higher powers, sums of reciprocals and similar), and go the other way: use facts about the roots to find
unknown coefficients.

2. Find a new equation by substitution whose roots are linked in a simple way to the roots of the one you
have: for example their reciprocals, their squares, or a linear function such as 2a + 1. For the simplest
cases (reciprocals, squares, a linear function) the question won't tell you the substitution; you must
choose it yourself.

Only degrees 2, 3 and 4 are examined. You never need to solve the equation: everything comes from the
coefficients.

Understand it

Roots and coefficients

If o« and 3 are the roots of az? + bz + ¢ = 0, the quadratic factorises as a(z — ) (z — (). Multiply out and
compare with the original:

a(z — a)(z — B) = az® — a(a + B)z + aaf,
soa+ B = —gandaﬁ: 2.

The same idea works for a cubic az® + bz? + cz + d = 0 with roots «, 3, . Expanding a(z — a)(z —
B)(x — ) gives

b c d
atBfty=--, aB+fytya=-, afy=-—-.

Forexample, (z — 1)(z — 2)(z — 3) = 2* — 62? + 11z — 6. The roots 1, 2, 3 have sum 6, pair products 2 -+
6 + 3 = 11 and product 6, matching the coefficients —6, 11, —6 with the signs flipped where the pattern says.
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A quartic az* + bz + cz? + dz + e = 0 with roots «, 3, 7, d follows the same pattern, one step further:

Za:_ga ZO‘BZE, ZO‘B'Y:_Sa 0457522-

Here > a8 means all six products of two different roots, and > a8+ all four products of three. The pattern to
remember: divide each coefficient by the leading one, and the signs go —, +, —, +.

A missing term means a zero coefficient. In z3 + 5z — 2 = 0 there is no z? term, so > a = 0. Forgetting
this is one of the most common slips.

These rules hold whether the roots are real or complex. For example, z2 + 2z + 5 = 0 has roots —1 + 24,
whose sum is —2 and product is 5. So a "sum of squares" can come out negative: then the roots cannot all be
real, since real numbers have squares that are at least 0.

Symmetric functions of the roots

An expression like o + 82 + 2 or é + % + ,—1Y is symmetric: swapping any two roots leaves it unchanged.
Every symmetric expression can be written usingonly Y «, >~ a8, Y afv (and a8~ for a quartic), so you
can find its value from the coefficients without knowing the roots.

Sum of squares. Square the sum of the roots: (a + 8 + )% = a® + 8% + 72 + 2(afB + By + ya).
Rearranged:

2
Sar= (L) ~23 o
This works for any number of roots (for a quartic, Z a3 has six terms).

Sum of reciprocals. Put the fractions over a common denominator:
1.1, 1.1 > opy
a B v afy T a By & aBys

Sums of higher powers: use the equation itself. Write S,, = a" + 8" + 4" (and + §" for a quartic). Each
root satisfies the equation. For 2 — 222 + 3z — 4 = 0:

1 1 1 +va+«a 1 1 1
L1l _BrtratoB

-2 +3a—-4=0, B*-282+38-4=0, ¥ —2¢9*+3y—4=0.

Add the three lines: S3 — 255 + 351 — 12 = 0. The constant —4 appears once per root, so it becomes 3 x
(—4) = —12 (in general Sy is the number of roots). Here S; = 2and S» = 22 — 2(3) = —2,s0 53 =
2(-2)-3(2)+12=2.

Multiply the equation by z first and the same trick links Sy, Ss, S, S1; multiply by z2 for S5, and so on. Divide
by z (or z2) and it reaches negative powers suchas S_; = Y é This one idea gives every power sum, one
step atatime:

aSpi3 + bSpia + cSpi1 +dS, =0 for the cubic az® + bz? + cz +d = 0.
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Equations with transformed roots

Suppose «, 3,y are the roots of f(z) = 0 and you want an equation whose roots are, say, 2a + 1,28 + 1,
2y + 1. Lety =2z 4+ 1.Thenz = %1 and z is aroot of f(z) = 0 exactly when y is one of the new roots. So
substituting z = y2;1 into f(z) = 0 gives an equation in y whose roots are exactly the new ones.

The recipe is always the same: write y in terms of x, turn it round to get = in terms of y, substitute into the
equation, and tidy up.

» Reciprocals, y = %: substitute x = i and multiply through by the highest power of y. The coefficients
simply come out in reverse order. For 2z* — 5z% + z 4+ 3 = 0 the equation with roots £, %, *lr is 3y +
y? —5y+2=0.

* Multiples, y = kz: substitute z = ¥. For roots 3, 33, 3y of the same cubic: 2 (%)3 -5 (%)2 +4+3=
0, and multiplying by 27 gives 2y* — 15y% + 9y + 81 = 0.

e Squares,y = x?: substitute z = \/¥- Collect the terms with , /y on one side, then square both sides to get
ridofit. Forz® + = — 1 = 0:y,/y + /y = 1,50 ,/y (y + 1) = 1. Squaring: y(y + 1)? = 1, thatis y* +
2y +y—1=0.

« Cubes, y = z°: substitute z = y'/?, collect the y'/? terms on one side and cube both sides.
Two less obvious cases turn into these simple ones:

+ Sums of two roots. Foracubic,a + 8 = (a+ S +7) —y = S1 —7.Sotherootsa + B8, 8 + 7,7 + «
comefromy = S; — z. Forz® — 322 + 2 = 0, S; = 3, so substitute z = 3 — y; this gives y> — 6y> +
9y —2=0.

« Products of two roots. For a cubic, af = %ﬂ Forz® — 322 + 2 = 0the product of all three roots is —2,
soaff = —%, and the roots a3, 3, ya come fromy = — 2 thatis z = —%. This gives y® — 6y — 4 = 0.

Why bother? Once you have the new equation, sums of the new roots, their squares, their reciprocals and so
on come straight from its coefficients. For example, once you have the equation with roots o, 52, 72, the
value of ) | é is the sum of the reciprocals of its roots: its pair-sum over its product.

Key facts and formulas

"Given" means itis in the MF19 list of formulae. None of this topic is in MF19, so you must learn all of it.

Formula Status
Quadraticaz® + bz +c=0:a+ =2, af = ¢ Learn
it
Cubicaz® + bz’ +cz+d=0:Y a=—-2Y af =< afy=—4 Learn
it
Quarticaz? 4+ bz® +ca? +dz+e=0:> a=-2Yaf =53 afy=—2,apyd = ¢ Learn
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Formula

Y a2 = (Y a) — 23 af (any degree)

Yol =(Ya)’ -3 aY af + 33 aby (cubic or quartic)

Cubic: - & = %575; quartic: " 1 = %;‘755’7

Cubic: o282 + 8292 + 7202 = (Y aB)’ — 20873 a

(X aB)’ — 208y a
(aBy)?

Power sums from the equation: aS,,, 3 + bS,,, 2 + ¢S, .1 + dS,, = 0for a cubic (one more term fora

Cubic: Y- 2 =

quartic); Sp = number of roots

New roots y = g(a): write x in terms of y and substitute into the equation

Srr=3n(n+1),Y" r=in(n+1)(2n+1), 3"  r* = in*(n+ 1) (for questions that
mix in series)

Given

Howtodoit

In the Paper 1 questions we have tagged for this topic (32 questions, 2021-2025; many appear on two papers

of the same session), the types came up this often. 26 of the 32 questions mix two or more types, so the

counts add up to more than 32.

Question type Questions
Sums of powers and other symmetric functions 26
Equation with transformed roots 17
Unknown coefficients from facts about the roots 11

Roots inside a summation >, 4

Roots inside a determinant 2

1. Sums of powers and other symmetric functions (26 questions)

1. Writedown )" «, > af3, Y afy (and a8v4) from the coefficients, with the right signs. Put 0 for any

missing term.
2. Rewrite the expression you want in terms of these, using the identities in the table.

3. Substitute and simplify. Give exact fractions.
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For higher powers, build up with the equation rather than a memorised formula:

1. Find §; and S,.

2. Multiply the equation by z* so that the highest power is the one you want, replace each ™ by S,,, and the
constant term by (number of roots) x constant.

3. Solve for the new sum. Repeat for the next power.
Forz* — 22422 -3=0:2*=2% 22 +3,505, = 55 — 25, +4x3 =85 — 25, +12.

Variations you will meet:

"Express S, 3 interms of S,, ., and S,,": multiply the equation by ™ and sum over the roots. Make S, , 3
the subject, as asked.

« Negative powers. S_; = " 1 comes from the reciprocal identity. S_» is (S-1)* — 23 5 Where

a—lﬂ = aZT: for a cubic. Or divide the equation by z? and use the power-sum rule.

« Powers of the new roots, suchas » (2a + 1)2: if the question has just given you the new equation, use
its coefficients with the same identities. Otherwise expand: > (2a + 1)? = 485, + 4S5, + 3 for a cubic (the
1 is added once per root).

« Mixed products, such as o?3 + a?y + %a + ... (all six for a cubic): factoras o*(8 + ) + ... =
a?(S; —a) +...= 8,8, — S3. The same idea works for a quartic. For a cubic this also equals
Y ad aB —3aBy;forz® — 222 + 3z —4 =0thatis2 x 3 — 3 x 4 = —6.

« Products of squares, " a?8%: use (3" af)” — 2a8v 3" a for a cubic, or find the equation with roots
o2, ... and read off its pair-sum coefficient.

» Power sums given, not the equation. "ltis giventhat > a = 2,3 a? = 3,> a3 = 4":find }_ a8 from
the sum-of-squares identity, then carry on as usual.

2. Equation with transformed roots (17 questions)

1. Name the substitution: y = (new root in terms of ). Write it down; this line earns a mark.
2. Invertit: z = (interms of y).
3. Substitute into the original equation.

4. Clear fractions (multiply by a power of y or a number) and radicals (collect the ,/y or y1/3 terms on one
side, then square or cube both sides).

5. Expand and simplify to a polynomial equation with integer coefficients, written "= 0". If the answer is
given ("show that"), your last line must match it exactly.

6. Read off what the later parts ask for from the new equation's coefficients.
Variations you will meet:

e Linear,suchasy = 2z 4+ 1ory = 3x + 1: substitute x = 9;—1 multiply through to clear the fractions,
expand with the binomial theorem.

- Squares or reciprocals of squares (y = =%,y = ): substitute z = y'/? orz = y /2, get the half-
powers on one side, square.
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~1/3

» Cubes orreciprocals of cubes (y = :133, Yy = %): substitute x = y1/3 orx =y , get the cube roots on

one side, cube.

» Fourth powers of the roots of a quartic with only an z° (or x) term besides z* and the constant, such as
z* + 22° — 1 = 0: rearrange to 2% = 1 — z*, put 2* = y, then raise both sides to the fourth power:
16z'2 = (1 — y)*4, thatis 16y = (1 — y)*.

« Use the equation first. If o + 2o +1 = 0,thena® — 1 = —2a — 2. Sotheroots a® — 1, ... come from
the linear substitution y = —2x — 2, which avoids cube roots altogether.

« Sums or products of tworoots: y = S; —xory = gf—"l as shown in "Understand it".

- "State the value of Y o?" after finding the "squares" equation: it is just minus the new y? coefficient over
the leading one; no more working needed.

3. Unknown coefficients from facts about the roots (11 questions)

1. Write the relations between the roots and the (unknown) coefficients, one equation per coefficient.
Include any that are 0 because a term is missing.

2. Bring in the extra facts: given power sums, a special relation between the roots, or a condition from
another part.

3. Solve the equations together. Check any condition given (such as d # 0 or "positive constants") and reject
what breaks it.

Variations you will meet:

- Powersumsgiven (3 o, > a?, Y ador) 2): 3" a gives bat once, the sum-of-squares identity gives
3" af and so ¢, and the power-sum rule gives the last coefficient. If Y o is not given but 3~ o is, write S3
in terms of the unknown d from one power-sum equation, then use the next one to find d.

« Arelation between roots, such as one root being the reciprocal of another (y = é), two roots being equal
(a = B), orroots in a pattern. Write the roots using as few letters as possible, then use each relation. For
v = é in a monic cubic, afy = ,s0 8 = —d at once.

« Roots in arithmetic progression 5 — k, 3, 5 + k: the sumis 33, so 3 comes from > | a. Geometric
progression g, B, Br: the product is 33, so 3 comes from a8+. Then f is a root: substitute it into the
equation.

« Arepeated root « satisfies both f(a) = 0 and f'(a) = 0. For example, 23 — 3z + k = 0 has a repeated
rootwhen 3a?2 — 3 = 0,so o = +1 and k = 2 or —2. The relations between roots and coefficients (with
roots a, «, ) do the same job.

« "Show that 4b% + 27d? = 0": find each root in terms of the coefficients, then substitute into the remaining
relation and tidy up to the given result.

4. Roots inside a summation (4 questions)

These combine this topic with summation of series: find >, ((a +7)* + (8 + 7)* + (v + r)?) and similar.

1. Expand one bracket: (a + r)? = a2 + 2ar + r%; (a + r)3 = a3 + 3a?r + 3ar? + r3.
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2. Add over the roots first, keeping r as it is: for a cubic Y (a + )2 = Sy + 2rS; + 3r2 (the r? appears
once per root, so 3r2, or 4r2 for a quartic). If the bracket holds a power of the root, such as (a? + )% =
ot + 2a2r + r2, the sum over the four roots of a quartic is Ss + 279> + 472, so find .S, and Sy first.

3. Putin the numbers for S1, S, . . . so that you have a simple polynomial in r.

4. Sum over r with the MF19 results > r, " r2,>" 73 (and > 1 = n), then factorise to the form asked for.
Take out common factors such as n orn(n + 1) early to keep the algebra short.

5. Roots inside a determinant (2 questions)

These combine this topic with matrices: a matrix has the roots as entries, and you show it is singular or use the
fact thatitis.

1. Find the determinant in terms of the roots. For the symmetric matrix with 1s down the diagonal and
a, B, offit,
1 o B
a 1 vy[=1-a%—p%—~%+2a8y.
B v 1
2. Rewrite it with symmetric functions, here 1 — Z o? + 2a37, and substitute values from the
coefficients.

3. Singular means the determinant is 0. For "show that it is singular", show every substitution, since the
answer 0 is given.

Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

« M1 method mark: for a correct method, even if the numbers slip.
o Al accuracy mark: for a correct answer; it needs the M mark before it.

« B1 mark for a correct result on its own, with no method needed.

Example 1
The cubic equation 223 — 322 + 42 — 5 = 0 has roots a, 3, .

(a) Find the value of o + % + 2 and explain what it tells you about the roots. [3]

1 1 1
(b) Find the value of — + — 4+ —. [2]
a B~

(c) Find the value of a® + 8% + ~2. [3]
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@Y a=32YaB=13=2aBy=2 Blforallthree.

Yal=(3) 22 =%-4=-1

M1 for the sum-of-squares identity, Al. The squares of real numbers can't add to a negative number, so the
roots are not all real.

1 Yef 2 4
b)) ~= <5, ~ 573 =5 MLAL

(¢) Each root satisfies 2a — 3a® + 4o — 5 = 0. Adding for all three roots: M1

253 — 35y +45;1 — 15 =0.

15
A1 (the constantis 3 x (—5)). 80253 =3 (—1) —4(3) +15 = 1, giving S5 = g.Al

Example 2

The cubic equation 3 — 42? + = + 3 = 0 has roots o, 3, 7.
(a) Find a cubic equation whose roots are a2, 32, 2. [4]

(b) Find the value of a* + 8* + ~*. [2]

1

?. [2]

1
(c) Find the value of = + 2 +

(@)Lety = 2%, sozx = \/y. B1for the substitution.

YU —dy+ g +3=0 = Jy(y+1) =4y 3.

Squaring both sides: y(y + 1)? = (4y — 3)2. M1 for an equation with no square roots.
v+ 20 +y =160 — 24y +9 = 3° — 149> + 25y — 9= 0.

M1 for expanding, Al.
Check: the new roots add to 14, and 3" o = 4% — 2(1) = 14. ¥

(b) The roots of the new equation are o, 52, 72, so use the sum-of-squares identity on it: M1

) ot =147 - 2(25) = 146.

Al

25
(c) This is the sum of the reciprocals of the new roots: 9 (pair sum over product, both from the new equation).
M1A1l

Example 3

The cubic equation x® — Tz? + kx — 8 = 0, where k is a constant, has three real roots in geometric
progression.
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(a) Show that one of the roots is 2. [2]

(b) Find the value of k and the other two roots. [4]

(a) Write the roots as ,g B, Br. Bl for a form that uses the progression.

Their product is 3 = _—Ts = 8, so 8 = 2 (the only real cube root). B1

(b) 2isaroot,so8 — 28 + 2k — 8 = 0, givingk = 14. M1 A1

Thenz?® — 722 + 142 — 8 = (z — 2)(2® — 5z +4) = (z — 2)(z — 1)(z — 4). M1 for factorising out (z — 2).

The other roots are 1 and 4 (the progression 1, 2, 4, withr = 2). A1

Example 4

The quartic equation z* — 2z + 3z — 1 = 0 has roots a, B,7,9.
(a) Find the values of >~ a2 and 3 3. [3]
(b) Find the value of 3" . [2]

(c) Use standard results from the list of formulae (MF19) to show that

n

S (@t + (B + 00+ (v + 1)+ (67)) = 57 (0" +30 4 5).
r=1

[5]

@Y a=2> aB =0(oz’term), Y afy = —3.B1

Y a?=2%2-2(0)=4.B1

Yad =23 —3(2)(0) +3(-3) = —1.B1

(b) z* = 223 — 3z + 1, so adding for all four roots, Sy = 253 — 351 + 4. M1
Si=2(-1)-3(2)+4=-4A1

(¢) (o +7)% = ® + 2ar + r2. Bl for expanding.

Adding over the fourroots: Y (o + 7)? = Sy + 2rS; + 4r2 = 4 + 4r + 4r%. M1 for collecting terms, A1.

n
2(44—47"4—47"2) =4n+4-in(n+1)+4- in(n+1)(2n + 1).

r=1

M1 for using the MF19 results.
= %n(6+3(n+1) +(n+1)(2n+ 1)) =2n(2n*+6n+10) = gn (n* +3n+5).

A1, the given answer with the factorising shown. Check withn = 1:4+4 4+ 4 = 12and %(1 +3+5)=12.
v
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Common mistakes

Missing a zero coefficient. In z3 + 5z —2 =0, a = 0,andinz* + 22® —1 =10, aB = 0and
> afy = 0. Examiners report candidates leaving out the zero term and getting stuck, both in the sum of
squares and in "show that" questions about the roots.

Sign slips in the relations. The signs alternate —, +, —, +. afy = —g for a cubic, but afyd = +< fora
quartic.

Forgetting to divide by the leading coefficient. For 223 — 32> + ..., > a = g not 3.

Adding the constant only once. When you sum the equation over the roots, the constant term is added
once for each root: 3d for a cubic, 4e for a quartic. The same goes for the 72 term in summation questions.
Misremembering a formula for the sum of cubes. Examiners note that candidates who summed the
equation over the roots were more often right than those who used a half-remembered formula. If unsure,
use the equation.

Using the wrong equation. After finding a new equation, read the next part carefully: does it want sums of
the old roots or the new ones? Using the old coefficients for new roots (or the other way round) is a
common error.

Answering only half the question. "Find a quartic equation whose roots are ... and state the value of ..."
needs both. Examiners see candidates give only one.

Squaring before collecting the root terms. Fory = z2, get all the /Yy terms on one side first; squaring a
sum with , /y on both sides leaves radicals behind.

Leaving the new equation unfinished. Expand fully, collect terms, clear fractions and write "= 0". A
"show that" answer must match the printed equation exactly, with the expansion shown.

Not using conditions given. If the question says d # 0 or the constants are positive, use it to reject
solutions, and say that you have.

How to get the marks

Write the relations down. Mark schemes often give a B1 just for stating > _ «, > a3 or the product
correctly, even when it is only used later ("SOI": seen or implied). Write each one with its value.

Name the substitution. In transformed-root questions the first mark is for the correct substitution, such as
y=2z+1=2z= %(y — 1). Then a method mark is for an equation with no radicals or fractions left.
Show the identity with numbers in, for example Y~ a? = (—2)2 — 2(3). Method marks need the method
visible; a bare answer can lose them.

"Show that" means the answer is printed. Every step must be visible, including the substitution of values.
A determinant that you claim is 0, or an equation you claim to have reached, needs the working that gets
there.

"State" means no working is needed: for example, > | o? read off the "squares" equation you have just
found.

"Hence" means use the part before. After finding a new equation, the next parts nearly always want you to
read values from it.

pastopic.com/cambridge/further-mathematics-9231/notes/roots-of-polynomial-equations Page 10 of 12



pastopic Roots of polynomial equations Notes - Further Mathematics 9231 - Pastopic

« "Hence or otherwise" means another valid method gets full marks too.
« Exact answers. Leave fractions as fractions, such as % or — Zl; don't round.

+ Method marks follow through. A wrong value in an early part used correctly later still earns the later
method marks (the mark scheme's "FT"), so keep going.

Quick check

1
1. The cubic equation 23 + 3z? — 2z + 5 = O has roots a, 3,v. Find }_ a?and > —.
a
2. The cubic equation 2° — 62> + 5z + 1 = 0 has roots a, £3, ~. Find a cubic equation whose roots are o — 2
B —=2,7v—2.
3. The cubic equation 3 + pz? + qz + s = O hasroots , 3,7, where > a =4, a? = 10and > a?® =
34. Find p, g and s.

4. The quartic equation z* — 2® + 2z — 3 = O hasroots a, 8,7, 4. Find Y~ a2, 3" a®and 3" a.
Y
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Answers

2

1Y a=-3,YaB=-2afy=-5>a’=(-3?-2(-2)=13.> 1 =2 =2

Roots of polynomial equations Notes - Further Mathematics 9231 - Pastopic

2y=z—2s0c=y+2:(y+2)3—6(y+2)?+5(@y+2)+1=0.Expanding: y> + 6y> + 12y + 8 —

6y> — 24y — 24 + 5y + 10+ 1 = 0, thatisy® — 7y — 5 = 0.

2
2.

3 p=—4> af = £10 _ 3 50q =3.34 = 43 —3(4)(3) + 3apy =28+ 3aBy,s0afy =2and s =

4. a=1,Ya8=0,Yafy=-21Ya’=1-0=1Ya*=1-0+3(-2)= 5.2 =2° -

2(E+3,SOS4:S3—251+12:—5—2+12:5

Past questions to try

o 9231/12/0/N/23 Q4: a linear substitution, then power sums including negative ones.

* 9231/13/M/J/23 Q3: the equation with squared roots, then reciprocals and fourth powers.

» 9231/13/0/N/22 Q1: unknown coefficients from two equal roots.
o 9231/12/M/J/24 Q1. products of pairs of roots and a new equation from them.
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