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What you need to know

This topic builds on the vectors in Pure Mathematics 3: position vectors, the scalar (dot) product, the angle
between two vectors and the vector equation of aliner = a + Ab. By the end of it you should be able to:

1. Use the equation of a plane in all three forms and change from one to another when a problem needs it:
o Cartesian: ax + by + cz = d;

o scalar product form:r - n = p;
o parametric form:r = a + Ab + pec.

2. Recall the vector product a x b in two ways: as |a||b| sin # n, where n is a unit vector at right angles to
both a and b, and in components.

3. Solve problems about distances, angles and intersections with lines and planes, using scalar and
vector products. In particular:
o decide whether a line lies in a plane, is parallel to it, or meets it, and find the point where it meets it;

o find the foot of the perpendicular from a point to a plane;

o find the angle between aline and a plane, and the angle between two planes;
o find an equation of the line of intersection of two planes;

o find the shortest distance between two skew lines;

o find an equation of the common perpendicular to two skew lines.

The perpendicular distance from a point to a plane comes up in almost every exam, so this note teaches it too;
it sits on the way to the foot of the perpendicular.

Understand it

Position vectors and direction vectors

A position vector says where a point is: ﬁ = a goes from the origin to A. A direction vector only says

—
which way something points: AB = b — a s the direction from A to B, wherever A is. Intheliner = a + Ab,
a is a position vector (a point on the line) and b is a direction vector. Every method in this topic needs the right
kind in the right place.
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The scalar product, a reminder

a-b = a;b; + asby + azbz = |a||b| cos 8, where 6 is the angle between the two vectors. So a - b = 0 exactly
when the vectors are at right angles. The scalar product gives a number.

The vector product

The vector product gives a vector, and that vector is at right angles to both of the vectors you started with:

ax b =|a||b|sinf n,

where 0 is the angle between a and b and 11 is a unit vector perpendicular to both (its direction follows the
right-hand rule: first finger along a, second along b, thumb along n). In components,

axb= (a2b3 — a3bz) i+ (a3b1 — albg)j —+ (a1b2 — azbl) k.

A good way to remember it is as a determinant with i, j, k on the top row:

i j k
ay az asgj-.
by by b3
For example,
3 1 1(4) — (=2)(-1) 2
1 x[-1]=( (-2)1)-3@4) |=|-14
—2 4 3(—1) — 1(1) —4

Check it every time: dot the answer with each of the two vectors; both must give 0. Here 6 — 14 + 8 = 0 and
24+14—-16 =0.

Useful facts: b x a = —(a x b) (the order matters, but only for the sign), anda x b = 0 whenaand b are
parallel. Any non-zero multiple of a normal is also a normal, so simplify: (2, —14, —4) can be used as
(1,-7,-2).

Three ways to write a plane

A plane is fixed by one point on it and its normal n, a vector at right angles to every line in the plane.

Scalar product form. If A is on the plane, then for any point R on it, ﬁ =r — aliesinthe plane, so (r —
a)-n = 0. Thatis
rrn—a-n=my.

Cartesian form. Writer = zi + yj + zkand n = ai + bj + ck:thenr - n = pbecomes az + by + cz = p.
So the coefficients of x, y, z are the normal, and you can read it straight off: 2z — 5y + z = 4 has normal
2i — 5j + k.

Parametric form.r = a + Ab + pc: start at the point A and move any amount along two different directions
b and c that lie in the plane. Each pair of values of A and p gives one point of the plane.
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Converting.

o Parametric to Cartesian: the normalisn = b x c (perpendicular to both directions),andd = a - n.

» Three points A, B, C to Cartesian: the directions are E and ﬁ son = ﬁ x AC, then substitute one
point. For a plane through the origin, such as O AB, the directions are simply aand b, and d = 0.

o Cartesian to parametric: find three points on the plane that are not on one line, then use one as a and the
two directions between them. For z — 2y + 3z = 6, the points (6, 0, 0), (0, —3,0) and (0, 0, 2) lie oniit, so
r = 6i + A\(—6i — 3j) + u(—6i + 2k) is one answer. (There are many correct answers.)

d
The distance of the plane ax + by + cz = d from the origin is # Forz — 2y + 3z =6itis
6 va? + b2+ c?
—— = 1.60.
V14

A point, aplane and aline

Perpendicular distance from a point to a plane. The shortest way from P to the plane is straight along the
normal, to the foot F'. For P(x1, y;, z;) and the plane az + by + cz = d,

lazy + byr + cz1 — d|
Val+b2+c2

The top is how far P is from satisfying the plane's equation; dividing by |n| turns that into a length.

distance =

Foot of the perpendicular. The line through P along the normalisr = p + tn. Where it meets the plane is F'.

Aline and a plane. A liner = a + \b either meets a plane at one point, or never meets it (parallel), or lies in it.
Thetestisb - n:

« b - n # 0: the line meets the plane at exactly one point. Substitute the line's general point into the plane's
equation and solve for .

¢« b-n = 0:thelineis at right angles to the normal, so it runs parallel to the plane. Then test one point: if a
satisfies the plane's equation the line lies in the plane; if not, it is parallel and every point of it is the same
distance from the plane (use the distance formula with the point A).
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Angle between aline and a plane. This is the angle 6 between the line and its "shadow" in the plane (the
angle PX F'in the diagram). The normal is easier to work with: the angle between the line's direction b and the
normalis 90° — 6. So

b - n|

cos(90° — ) =sinf = ——.
[b|[n]

Either work out the angle with the normal and take it from 90°, or use sin directly.

Two planes

Angle between two planes. Two planes meet at the same angle as their normals do, so

_ In; - ny|
cosf = ——.
0y ||ny|

The modulus gives the acute angle. Thereis no 90° step here.

Line of intersection. Two planes that are not parallel meet in aline. That line lies in both planes, soitis at right
angles to both normals: its direction is n; X ns. For a point on it, choose one coordinate (oftenx = 0,y = 0 or
z = 0) and solve the two plane equations together for the other two. If that gives no solution, the line never has
that coordinate equal to 0; choose a different one.

Skew lines and the common perpendicular

Two lines in space that are not parallel and never meet are skew. Between them there is one shortest segment
PQ, anditis at right angles to both lines. Its directionisn = b; x bs, the common perpendicular.

directionn | shortest distance

'_’]’/

Shortest distance. Take any point A; on the first line and any point A, on the second. The vector as — a;
goes from one line to the other, but usually not by the shortest route. Its component along n is the shortest
distance:

(a2 —a1) - (b1 X by)|

shortest distance =
|b1 X b2|

This works for any choice of the two points, because moving along either line doesn't change the component
along n. The diagram shows why: the second line is parallel to the plane that contains the first line and has
normal n, so the shortest distance is just the distance of any point of [ from that plane. If the answer is 0, the
lines meet.
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The common perpendicular itself. To find the actual points P and () you need parameters. Write P = a; +
— —
Ab; and Q = aj + ubs, so PQ is interms of A and u. Because PQ is perpendicular to both lines, PQ - b; =
—
0and PQ - by, = 0: two equations for two unknowns. Solve them, find P (or (), and the common

, , —
perpendicularisr = OP + tn.

Key facts and formulas

"Given" means itis in the MF19 list of formulae in the exam. Only the scalar product is in MF19; learn the rest.

Formula Status
a-b = aib + axbs + asbs = |a||b| cosf Given
ax b = |al|b|sinfn Learn it
axb= (a2b3 — agbg)i + (a3b1 — albg)j + (albg — a2b1)k Learn it
b x a= —a x b; a x b = 0 for parallel vectors Learn it
Line:r = a+ A\b Learn it
Plane:ar +by+cz=d, r-n=p, r=a+ Ab+ uc Learn it
Normalofr =a+ Ab+ puc: n=b xc,andd=a-n Learnit
, laz1 +byr + cz1 — d| Learn it
Distance from (z1,y1, z1) to ax + by + cz = d: NEENTE
d .
Distance of ax + by + cz = d from O: # Learn it
Va2 + b + c?
b-n i
Angle between line and plane: sinf = u Learn it
|b|[n|
Angle between planes: cosf = M Learnit
1 ||ny|
Line of intersection of two planes has direction n; X ns Learnit
a,—a;)-(b; xb i
Shortest distance between skew lines: (=, 1) - (bs 2)| Learnit
|b; X by
Common perpendicular: @ .b; =0 andw -by, =0 Learnit

Line and plane: b - n # 0 means they meet at one point; b - n = 0 means parallel, and the line lies in the
plane if one of its points does.

Howtodoit

In the Further Pure 1 questions we have tagged for this topic (32 questions, 2021-2025), the types came up
this often. Every one of the 32 questions has several parts of different types, so the counts add up to more
than 32.
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Question type Questions
Equation of a plane 31
Perpendicular distance from a point to a plane 15
Shortest distance between skew lines 12

Angle between two planes 11

Angle between aline and a plane 11
Common perpendicular to two skew lines 5

Line of intersection of two planes 5

Aline and a plane: parallel, or where they meet 5

Foot of the perpendicular from a point to a plane 4

1. Equation of a plane (31 questions)

1. Get two direction vectors in the plane.
o Three points A, B, C: use ﬁ and R (subtract position vectors: b — a).
o Parametric form given: use b and c as they are.

o "Contains the line l; and is parallel to [,": use the two lines' directions.

o "Contains the line [ and the point P": use the line's direction and ﬁ where A is the point on the line.
o "Contains two lines" that meet: use both directions.

2. Normal n = the vector product of the two directions. Check it by dotting with both. Divide out any common
factor.

3. Constant d = n - a for any point A on the plane. Check with a second point if you have one.

4, Write the answer in the form asked for: axz + by + cz = d,orr-n =p,orr = .. ..
Variations you will meet:

« "Write down" the parametric form. Just write r = a + sb + ¢c with a point and two directions from the
question (for example the direction of a line and the common perpendicular you found). It is worth one or
two marks and needs no working, but it must start withr =.

« Aplane through the origin, such as O AB: the normalis a x b and d = 0. Read the letters carefully;
OABisnot ABC.

« A point with aletter in it: work the same way, keeping the letter. If the normal comes out as, say, (3 — s)j
and you are told s # 3, you may divide by 3 — s and use j.

+ A plane containing a given line of intersection and a point: use the line's direction and the direction
from a point on the line to the given point.
2. Perpendicular distance from a point to a plane (15 questions)

1. Write the plane as ax + by + cz = d (find it first if needed).
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laz1 + by + cz1 — d|
Vaz +b2 +c?

3. Give an exact answer, or 3 significant figures.

2. Substitute the point: distance = . Keep the —d.

Variations you will meet:

« From the origin: the top is just |d|.
« The distance between a parallel line and the plane: first show the line is parallel (b - n = 0), then use

the distance of any point of the line.

« A givendistance, an unknown in the point: set the formula equal to the distance and solve. Because of
the modulus there may be two answers (the point could be on either side of the plane); reject any that
break a condition in the question, such as "a is positive".

« Another way: find the foot F' (type 9) and work out | PF'|. It takes longer but gets the same answer.

3. Shortest distance between skew lines (12 questions)

1. Write each line asr = a + Ab. When lines are given by points, such as "the lines AB and C D", the
— —
directions are AB and C'D and the points are A and C.
2.n = by x by, simplified.

3. A vector between the lines: as — a; (any point of one minus any point of the other, for example B).

[(ay —ay) - n\.

4, Shortest distance = |n|

Variations you will meet:

+ Anunknown constant and a given distance. Everything goes through with the letter in it; then set the
distance equal to the given value, square both sides and solve. For example, the linesr = s(2i + k) and
r=ai+j+t(j+k)haven = (2i+k) x (j+k)=—1—2j+ 2k, with|n| =3,and (ai +j) -n =

la + 2|

—a — 2. Ifthe shortest distance is 2, then =2,s0(a+ 2)2 =36anda = 4o0ra = —8. Ifn hasthe

letterin it too,

n| is a square root of an expression; squaring gives a quadratic (a "show that" usually gives
you the quadratic to reach).

« "Find the length PQ", where P() is perpendicular to both lines: this is the shortest distance, so use this
method; you don't need P and @) themselves.

4. Angle between two planes (11 questions)

1. Find both normals (from the Cartesian equations, or by vector products).
n -n

2.cosf = M
0y ||ny|

3. Give the acute angle in degrees to 1 decimal place (or radians to 3 significant figures). Don't take it from

90°.

Variations: one plane is described by points (ABD, O AB) or by a line and a point, so find its normal first with
a vector product. If your angle is obtuse because you left out the modulus, take it from 180°.
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5. Angle between aline and a plane (11 questions)

1. Direction of the line b (for a line through two points, the vector between them; for O A4, just a) and the

plane's normal n.

b-n
2.cos¢ = |—| gives the angle ¢ between the line and the normal.
|b|[n|
b-
3. The angle with the plane is @ = 90° — ¢. (Or go straight there with sin § = ||b| | n|] J)
n

Variation: an unknown in the direction, angle given. Set sin 6 (or cos ¢) equal to the value that angle gives,
square and solve; keep only the values that fit the conditions (for example "b is positive").

6. Common perpendicular to two skew lines (5 questions)

—
1. General points. P = a; + Ab; onthefirstline, Q = as + uby onthe second, and PQ) = Q — Pinterms
of Aand u. Say what P and @ are.

—
2. Two equations. PQ) - b; = 0 and ﬁ - bs = 0. Simplify each to a linear equation in A and .
. — — — i
3. Solve them together, then substitute to get O P (and O() as a check: P() must be a multiple of b; x bs).

4 Answer:r = OP +t(by X by). Writether =.
Variations you will meet:

« Lines given by points, suchas OC and AB: OCist = Acand ABisr = a+ u(b — a).

—
« Another way to set up the equations: find n = b; x b, first and write PQ) = kn. That gives three
—
equationsin A, p and k. You need the extra unknown k; P() is a multiple of n, not n itself.

« "Find the points P and Q" or "the length PQ": the same working gives both.

7. Line of intersection of two planes (5 questions)

1. Direction: n; X n,, simplified. Check it by dotting with both normals.
2. A point: put one coordinate equal to 0 and solve the two plane equations for the other two. Check the point
in both equations.

3. Answer: r = (point) + ¢ (direction), starting withr =.
Variation: one plane is given in parametric orr - n form. Turn it into Cartesian form first (type 1); the equation

you need for the point is the Cartesian one.

8. Aline and a plane: parallel, or where they meet (5 questions)

Where they meet.

1. Write the line's general point as one vector, forexample (2 + ¢, —3, 5 + t). Foraline through O and D, it
is td.

2. Substitute into the plane's Cartesian equation and solve for ¢.
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3. Substitute ¢ back. Give coordinates if the question says "coordinates" and a position vector if it says
"position vector".

"Show that the line is parallel to the plane": show b - n = 0 with the working, and say what it means ("so
the line is perpendicular to the normal, so parallel to the plane"). If the question says the line is not in the plane,
you are done; if not, show one point of the line does not satisfy the plane's equation. "Lies in the plane" needs
b - n = 0 and one point of the line on the plane.

9. Foot of the perpendicular from a point to a plane (4 questions)

1. The perpendicular from P runs along the normal: its general point is p + ¢n. (Not along any line given in
the question.)

2. Substitute into the plane's equation and solve for ¢.

—
3. Substitute ¢ back to get OF'. Check that F' satisfies the plane's equation.

—
Variations: "the point ) is such that OQ) = kO P": find Q first, then do the same. The distance | PF'| = |¢| |n|
comes for free.

Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

* M1 method mark: for a correct method, even if the numbers slip.
e A1l accuracy mark: for a correct answer; it needs the M mark before it.

e B1 mark for a correct result on its own, with no method needed.

Example 1
The points A, B, C have position vectors i — j + 2k, 3i + j + k and j + 4k respectively.
(a) Find the equation of the plane ABC, giving your answer in the form ax + by + cz = d. [5]

(b) The point D has position vector 6i + j + 7k. Find the perpendicular distance from D to the plane ABC.
[2]

(c) Find the position vector of the foot of the perpendicular from D to the plane ABC'. [3]

() AB = 2i + 2j — kand AC — —i + 2j + 2k. B1

i j k 2(2) - (-1)(2) 6 2
2 2 —1l=[(1En-202) | =-3]|=3[-1
-1 2 2 2(2) — 2(—1) 6 2
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M1 A1 for the vector product and the normal. Check: (2, —-1,2) - (2,2,—-1) = 0and (2, -1,2) - (-1,2,2) =
0.

Substitute A:2(1) — (—1) + 2(2) = 7, sotheplaneis 2z —y + 2z = 7.M1A1 (B gives 6 — 1 + 2 = 7 t00.)

(b)[n| = v4+1+4=23and2(6) — 1+ 2(7) = 25, s0

25 -7
— =

distance = 6.
M1A1l
(c) The perpendicularfrom Disr = (6 + 2¢)i + (1 — ¢)j + (7 + 2t)k. M1
206+2t) —(1—t)+2(7T+2t) =7 = 25+ 9t =7 = t=—2.
M1
The foot is 2i + 3j + 3k. A1 Check: 4 — 3 + 6 = 7,and [t| |n| = 2 x 3 = 6 agrees with (b). The first diagram
in "Understand it" shows this set-up, with P = D and d = 6.

Example 2
The plane IT; has equationr = i+ 3k + A(i — 2j) + p(2j — k).
(a) Find a Cartesian equation of I1;. [4]

(b) Theline I has equationr = 3i + 4j + 2k + ¢(3i — 2j — 2k). Show that [ is parallel to I1;, and find the
distance between [ and II; . [4]

(c) The plane Il has equation « + y — z = 2. Find a vector equation of the line of intersection of IT; and I1,.

[4]
(d) Find the acute angle between I1; and Il. [3]

(a)

i j k (—2)(-1) - 0(2) 2
1 -2 o= o0)—1(-1) | =11
0 2 -1 1(2) — (—2)(0) 2

M1A1l
The point (1,0, 3) gives2 + 0+ 6 = 8,s01l; is2z + y + 2z = 8. M1 A1

(b) (31 — 2j — 2k) - (2i+j+ 2k) = 6 — 2 — 4 = 0, sol is perpendicular to the normal of IT;, and so [ is
paralleltoIl;. M1 Al

The point (3,4,2) onl gives 6 + 4 + 4 = 14 # 8, so lis not in the plane. Every point of [ is the same distance

from I1;:
. |14 — §| 6
distance = ——— = — = 2.
vi+1+4 3
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M1A1l

(c) Direction:

2 1 1(—1) — 2(1) -3
x| 1]=(20-2-1)| =] 4
2 -1 2(1) — 1(1) 1

M1Al

Apoint: puty = 0.Then2x + 2z =8andz —z =2,s0x+ 2z =4andz — z = 2,givingx =3,z = 1.B1
Check:6 +0+2=8and3+0—1=2.

r=3i+k+s(—3i+4j+k).
Al

(dn; - ny=2+1-2=1,|n| =3, |mz| = v3.M1

1
cos = —— = 0 =178.9".
3v3

AlA1l

Example 3

Thelines I; and I have equationsr = j + A(i + j) andr = 3i — 2j — 3k + u(j + 2k) respectively.

(a) Find the shortest distance between [ and [5. [5]

The point P on [ and the point Q on [, are such that P() is perpendicular to both lines.

(b) Find a vector equation for the line PQ. [7]

(c) The plane Il contains [; and is parallel to l,. Find the equation of IT in the form ax + by + cz = d. [2]
(d) Find the acute angle between II and the plane 3z +y — z = 4. [3]

(a) A vectorfroml; to l: (3i — 2j — 3k) —j = 3i — 3j — 3k.B1

i j k 1(2) — 0(1) 2
1 1 0/=|00)-12)|=[-2
01 2 1(1) — 1(0) 1

M1 A1l for the common perpendicular.

|(3’_3>_3)'(2?_2’1)’ o ’6+6_3| _9_3

shortest distance =

va+4+1 3 3
M1A1l
A 3 3—A
(b)O?: 1+ A andﬁ: —2+pu ,soﬁ: -3+ pu—A|.M1A1
0 —3+2u -3+ 2un
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PQ is perpendicular to both lines: M1

1
PO-[1]=3-2—3+u-r=0= u=2x
0
Al
0
PO-[1])=-34+u-A—6+4u=0 = 5u—r=9.
2
Al

S010A —A=9:A=1landp = 2. Then OP — i + 2jand OQ — 3i + k. M1 Check: PG — 2i — 2j + k, the
common perpendicular from (a), with length 3.

r =1+ 2j+¢(2i —2j+ k).
A1 The second diagram in "Understand it" shows these two lines, with PQ = 3.

(c) I contains the direction of [; and is parallel to I5, so its normalis (i + j) x (j + 2k) = 2i — 2j + k, from
(a). The point (0,1,0) onl; givesd = —2: 2z — 2y + z = —2. M1 A1

.M1A1

2,-2,1)-(3,1,-1 -2-1 1
SR HCA R S I

3v11 3V/11 V11

6 = cos™ =1725".A1

1
V11

Common mistakes

« Forgetting the 90° step for a line and a plane. The scalar product of the line's direction and the normal
gives the angle with the normal. Examiners in 2021 and 2022 saw many answers stop there. Take it from
90°, or use sin.

« Taking an angle between two planes from 90°. The angle between the normals already is the angle
between the planes. Only the line-and-plane angle needs the extra step.

+ Arithmetic and sign slips in the vector product. This is the error examiners mention most, and one slip
spoils every part that follows. Dot your answer with both vectors: two zeros means it is right.

« Mixing up position vectors and direction vectors, for example crossing two position vectors to get a
—
normal to ABC. Directions between points come from subtracting: AB = b — a.

« Leaving out the —d or the division by |n| in the distance from a point to a plane. The formula is

laz;+by; +cz;—d|
Va2+b2+c?

« Using the wrong direction for the foot of the perpendicular. The perpendicular from a point to a plane
runs along the plane's normal, not along a line mentioned in the question.

; both pieces are needed.

« Writing an expression instead of an equation. A line or plane must start with r =. Examiners reported
that few answers for a line of intersection or a common perpendicular did this, and it costs the final mark.
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» Not knowing the parametric form. "Give your answer in the formr = a + sb + ¢¢" means a point and
two directions, not a Cartesian equation.

» Getting stuck on a point common to two planes. Setting one coordinate to 0 turns it into two simple
equations in two unknowns.

« Answering for the wrong object: the plane ABC when O A B was asked for, or a position vector when
the question asked for coordinates. Reread the question before the last line.

. Settingw equal to the common perpendicular instead of to a multiple kn of it. If you use that method,
bring in the extra unknown.

« Losing aroot when there is a modulus. Squaring both sides handles the modulus; then check each root
against the conditions in the question (such as a positive constant) before rejecting one.

How to get the marks

« Show the vectors you are using. Write A—B> = ... and the vector product set out as a determinant, or with
the working of each component. The method marks can then be given even after a numerical slip.

« Normals and planes usually earn M1 A1 for the vector product and M1 A1 for substituting a point. Any
multiple of the normal is fine, and so is any equivalent equation; simplifying makes later parts easier.

« "Find the equation ... in the form az + by + cz = d" means integers, in exactly that form.

« "Find a vector equation" or "an equation for the line" meansr = a + tb, withther —=.

« "Write down" means no working is needed; one or two marks, for a correct point and correct directions.

« "Show that" (for example "show that [ is parallel to II", or a given quadratic for an unknown constant)
needs every step: write the scalar product with its numbers and a sentence of conclusion.

« Angles are marked on the final value: give the acute angle, in degrees to 1 decimal place (radians to 3
significant figures are accepted). Once you have it, don't do anything else to it; an extra "90° —" at the end
loses the mark.

« Distances: an exact form such as % or a 3 significant figure decimal is accepted.

« Common perpendicular questions are long (7 to 10 marks) and marked in steps: Rﬁ in terms of two
parameters, each of the two equations, solving, the point, and the equation. Say what each new point is
("let P be Ac on OC™), so the examiner can follow you.

« Method marks follow through. A wrong normal used correctly in the next part still earns the method
marks, so keep going.

Quick check

1.Find (2i — j + 3k) x (i + 4j — 2k), and a unit vector perpendicular to both vectors.

2.Theliner = 3i — k + t(i — j + 3k) meets the plane 2z + y + z = 13 at the point X . Find the
coordinates of X and the acute angle between the line and the plane.

3. Find the acute angle between the planes ¢ + 2y — 2z = land 4z — 4y + 7z = 3.

4. Find a vector equation of the line of intersection of the planes x + y + z = 6 and 2z — y + z = 3.
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5.Theliner =i+ kj + 2k + ¢(3i + j — k) liesinthe plane z — 2y 4+ z = —1. Find the value of the
constant k.
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Answers
(=1)(-2) — 3(4) —10
1. 3(1)—2(-2) = | 7 |.Check:—20—7+ 27 =0and —10 + 28 — 18 = 0. Itslength is
2(4) - (=1)(1) 9

100 + 49 + 81 = /230, so a unit vectoris —10i + 7j + 9Kk) (orits negative).
Vv Vv #230( J )

2.2(3+1¢t)+ (—t) + (—1+43t) =13,s05 + 4¢t = 13and ¢t = 2: X is (5, —2, 5). Forthe angle, (1,1, 3) -

4
2,1,1) = 4, so the angle with the normal has cos ¢ = ———=, ¢ = 60.5°. The angle between the line
31,1) ?= Ve’

and the planeis 90° — 60.5° = 29.5°.

18 2 .
3.(1,2,-2)-(4,-4,7) =4 — 8 — 14 = —18; thelengthsare 3and 9. cos 0§ = 5 = 3 sof =48.2°.
4, Direction (1,1,1) x (2,-1,1) = (2,1,-3).Withz =0:z +y =6and2z —y = 3,soz = 3,y = 3.

r=3i+3j+¢(2i+j— 3k).
5.(3,1,—-1)-(1,—-2,1) =3 — 2 — 1 = 0, so the line is parallel to the plane for every k. It lies in the plane
whenits point (1,%,2) does: 1 — 2k +2 = —1,s0k = 2.

Past questions to try

* 9231/12/0/N/23 Q5: a plane from parametric form, a line parallel to it and its distance, then a line of

intersection.
* 9231/12/M/J/22 Q2: the plane through three points, its distance from the origin, and where a line meetsit.
« 9231/13/0/N/22 Q4: the plane containing two lines, the angle with a line, and the foot of a perpendicular.

* 9231/12/M/J/21 Q6: the shortest distance between skew lines with an unknown constant, then angles

with a plane.
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