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What you need to know

By the end of this topic you should be able to:

1. Explain what a continuous random variable is, and know the two properties every probability density
function (pdf) has: it is never negative, and the total area under its graph is 1. Use them, for example to
find an unknown constant or to decide whether a function could be a pdf. The pdfis always defined on a
single interval, which may go on for ever, suchas z > 2.

2. Use a pdf to find probabilities (areas under the graph between two values), and to work out the mean
E(X) and the variance Var(X).

3. Find the median, quartiles or other percentiles by finding the value that cuts off the right area under the
graph.

The cumulative distribution function F'(z) is not in the syllabus: find every area directly from f(z). The
mode, and pdfs made of two or more different pieces, are not needed either.

Understand it

Discrete and continuous

A discrete random variable, such as the score on a dice, takes separate values, and each has its own
probability. A continuous random variable, such as a time, a length or a mass, can take any value in an
interval. There are so many possible values that the chance of hitting one exact value, like 2.5000. . . hours, is
0. So for a continuous variable we only ever ask for the probability of an interval, and

P(X =a)=0, Pla< X <b)=Pla< X <))

Whether an inequality is strict or not makes no difference.

Probability is area

A continuous variable is described by its probability density function, f(z). Its graph shows where the
values are crowded (high parts) and where they are rare (low parts). The probability that X lands between a
and b is the area under the graph between a and b:
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b
Pla< X <b) :/ f(z) d=.
The height f () itself is not a probability. It can be bigger than 1; only areas are probabilities.

As arunning example, let X hours be the time a phone battery lasts after its low-power warning, with

12
o) = g B @) 0se<h,

0 otherwise.

f(x) &
0.4

totalarea=1
0.3 shaded:P(1<X<3)

0.2

0.1 0.448

Then

12 2, 12 [5z° 2*]° 56
P(1<X<3)—@[(5$ —w)dm—@[?—z]l—ﬁ—O.M&

The two rules for a pdf

Because every value of X must be somewhere in the interval, and probabilities can't be negative:
« f(z) > Oforevery z;

» thetotalareais 1: /f(x) dx = 1 over the whole interval where f is not zero.

5
The second rule finds an unknown constant. For f(z) = kz?(5 —z)on0 < z < 5: k [% - %4] =k x

0
625 _ 12
o — 1,s0k = e

To show a function could be a pdf, check both rules and say so. For example, f(z) = 3(3z — 1) on0 < z <
2 has total area 1, but £(0) = —1 < 0, so it cannot be a pdf.

When the graph is a straight line or part of a circle, you can find areas with geometry instead of integration: a

triangle is 3 x base x height, atrapeziumis (a + b)h, a quarter circle of radius r is 37r?.
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Aninterval that goes on for ever

The interval can be infinite, for example f(x) = x% forz > /3. Integrate up to co: as x — oo, aterm like %

tends to 0. So
/ 6z 3 dr = [—%] =0- (—§> =1.

Mean and variance

For a discrete variable, E(X) = > xp. For a continuous variable the sum becomes an integral and p
becomes f(z) dz:

B(X) = / 2f(z)dz,  Var(X) = / 2 f(z) de — {B(X)},

each over the interval where f is not zero. The mean is the balance point of the graph: if you cut the shape out
of card, it would balance on a pin at E(X).

4 5

Forthe battery: E(X) = 22 [*(52% — 2*) do = & [5% - %] — 3hours, and [ 2°f(z) dz =
0

5
% [375 - %ﬁ}o =10,so0Var(X) = 10 — 32 = 1.

Median and percentiles

The median m splits the area into two halves: fs’t’;rt f(z)dz = % The lower quartile cuts off i of the area on
the left, the upper quartile %, and the 90th percentile 0.9. You integrate from the start of the interval up to the
unknown and solve the equation for it.

625 \ "3
m = 3.07 (3 s.f.). Always reject roots outside the interval. Here the mean (3) is a little below the median,

For the battery, -2 (5—’"3 — %4) = % which tidies up to 6m* — 40m3 + 625 = 0. Its root between 0 and 5 is
because the long tail on the left pulls the balance point that way.

Symmetry

If the graph is symmetrical about z = ¢, then E(X) = c and the median is c too, with no integration. Areas
the same distance either side of c are equal, so you can often find a probability from one you already know.
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c+h

O 4

In the sketch, the tail to the right of ¢ + h has area p. By symmetry the tail to the left of ¢ — h is also p, the

middle is 1 — 2p, and the partfromctoc + his % — p. Always sketch the graph and label the areas you know.

Moving a graph to the right by c adds c to the mean and leaves the variance alone. Squashing it to half its width

(and doubling its height, to keep the area 1) keeps the centre and divides the variance by 4.

Key facts and formulas

"Given" means itis in the MF19 list of formulae in the exam. "Learn it" means you must remember it.

Formula Status
_ Given
E(X) = /:I:f(:r:)da:
Var(X) = / 2’ f(z) dz — {E(X)}? Given
b Learnit
Pla< X <b) :/ f(z)dz
f(x) > Oforall z, and / f(x) dz = 1 over the whole interval Learn it
P(X = a) =0, so < and < give the same probability Learn it
m .
Median m: f(z)dz = %; lower quartile }1, upper quartile % Learnit
start
Graph symmetrical about z = ¢: E(X) = cand median = ¢ Learn it
P(X >a)=1—-P(X <a) Learn it
"t 1 Given
"dr = -1 —dr =1
/a,' x n+1(n7£ ),/mx nz
dv du ;
Integration by parts: /u— dz = uv — /v— dz Given
dz dz
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Formula Status
/sinxdw = —cosz, /cosaf:dx =sinz Given
sin(ax cos(ax i
/cos(am) dx = M, /sin(am) dr = _ﬂ Learn it
a a
Triangle 1bh, trapezium 1 (a + b)h, circle mrr? Learn it
Sector of a circle: area %130 (8 in radians) Given

For an infinite interval, terms such as x% (withn > 0)tendtoOasx — oo.

Howtodoit

In the Paper 6 questions we have tagged for this topic (39 questions, 2021-2025; some papers share a
question), the types came up this often. 37 of the 39 questions mix several types, so the counts add up to
more than 39.

Question type Questions
Finding a constant: total areais 1 25

The mean, E(X) 25

Using the graph: symmetry and shapes 24
Median, percentiles and unknown limits 19
Probabilities by integration 11

The variance, Var(X) 6

Models in context: meaning, limits and repeated values 3

1. Finding a constant: total area is 1 (25 questions)

1. Setthe total areato 1. [ f(z) dz = 1 with the limits of the interval.
2. Integrate, keeping the constant outside: k f .... Expand brackets first unless the bracket integrates
A3
directly (for example (z — 4)? — %).

3. Substitute both limits and show the line with numbers in, then solve for the constant. This is usually
"show that", so show each step.

Variations you will meet:

+ Straight-line or circle graphs. Use the area of the triangle, trapezium, semicircle or quarter circle instead
of integrating: for a semicircle of radius r, 37r® = 1 givesr = /2/7.

« Writing f(z) from a straight-line graph. Find the gradient from two points, then y = ma + ¢. Check that
the sign of the gradient and the intercept match the picture.
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« Two unknowns (such as a and b, or the end of the interval as well as k). You need two equations: total
area = 1, plus a given mean, median or point on the graph. The graph often gives the second one: if it
reaches the z-axis at z = 2, then f(2) = 0. Solve them together.

» Anunknown end of the interval. Integrate from the known end to p and set it equal to 1, then solve; reject
values outside the sensible range.

 "Show that f could be a pdf" or "verify": show the area is 1 and that f(x) > 0 on the interval, and finish
with a sentence.

« "Write down" a probability. P(X > start) is 1; half of a symmetrical graph has area % No integration is
needed.

2. The mean, E(X) (25 questions)

1. Write E(X) = [ zf(z) dz with the interval's limits. Multiply by z first, then integrate term by term.

2. Substitute the limits and simplify. Give an exact answer if asked.
Variations you will meet:

« Symmetrical graph: state (X ) = cand give the reason, "by symmetry" (not "the middle of the end
points").
+ A given mean finds a constant. Set f z f(x) dx equal to the given value and solve, together with the

total-area equation if there are two unknowns.

£ or £ terms. z x £ = & whichintegrates to k In z; expect In in the answer.

« Trigonometric pdfs, such as 1 + cos(mz) or z(1 + cos x). For probabilities, divide by the number
multiplying z: [ cos(az) dz = w so [(1 + cosmz) dz = x + HLZ_ Forthe mean, integrate z cos z

by parts with u = z: [ & cos x dz = x sinx + cos x. Similarly [ z cos(rx) do = £5RIL 4 STz,

w2
« A probability involving the mean, such as P(X < E(X)):find E(X), then integrate f(x) from the start
up toit.

3. Using the graph: symmetry and shapes (24 questions)

1. Sketch the graph (or use the one given) and mark the line of symmetry and the given areas.
2. Use equal areas either side of the line of symmetry and the total area of 1 (each half is %).

3. Build the area you want by adding or subtracting areas you know.

For example, if the graph is symmetrical about z = 5 and P(X < 3) = 0.15,then P(X > 7) = 0.15, so
P(3<X <7)=1-2(0.15) = 0.7,and P(5 < X < 7) = 0.5 — 0.15 = 0.35.

Variations you will meet:

+ Areas interms of letters. With P(X < a) = p, say, the same ideas give answers suchas 1 — 2p or % —p
. Label every piece on the sketch.

« Explain without calculating, for example why the median is below some value: say that the area to the
left of that value is more than % (the graphis higher there), so the median must be to its left.
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» Semicircle or quarter circle. A probability can be a sector minus a triangle: find the angle with cos 8 =

Zadiacent . then use 17260 and absin C.
ypotenuse 2 2

» Sketch a pdf with a given mean and variance related to one you know: move the graph along for a new
mean; make it narrower and taller for a smaller variance, keeping the area 1.

« Symmetrical quadratic, such as k(z — 1)(7 — x): its axis of symmetry is halfway between the roots,
z = 4,50 E(X) = 4 and the median is 4.

4. Median, percentiles and unknown limits (19 questions)

1. Write the equation: fs:;rt f(:):) dzr = % for the median (or le’ %, 0.9 for other percentiles). You can use
f:lnd f(z)dx = % instead; for a top percentile the right-hand tail is often quicker.

2. Integrate and substitute the limits, one of which is the unknown.

3. Solve: a quadratic in m (formula), a quadratic in m?2, a cube root, or In. Reject any root outside the interval
and say why.

Variations you will meet:

+ "Show that m satisfies ...": rearrange carefully to the given equation, clearing fractions one step at a
time.

+ Showing that a median (or other percentile) is between two given numbers. Find the area from the
start of the interval up to each number: one area should come out below % and the other above, so the
median is trapped between them. Another way is to put both numbers into the rearranged equation and
show that it changes sign. Either way, write down both values and finish with a sentence.

« Probability between the mean and the median, suchas P(m < X < 3): youdon't need m itself: it is
P(X <3)— 3,0y —P(X >3).

- Findcsothat P(—c < X < ¢) = ; fora graph symmetrical about 0: use [ f(x) dz = 1.

« The median gives a constant. If the median is known, fS’t';rt f(z)dx = % is an equation for the unknown
constant.

5. Probabilities by integration (11 questions)

1.Pla<X <b) = fab f(z) dz. Use the part of the interval the question asks about, not beyond it.
2. Substitute both limits and subtract.

3. For "more than", you can integrate from the value to the end, ordo 1 — (the rest). Pick whichever part is
easier.

Variations you will meet:

« "Without integrating, use part (a)": use symmetry and the answer you have, and show the working. For
example, if the graph is symmetrical about x = 4 and part (a) gave P(X > 4.8) = % then P(3.2 <
X<48)=1-2x 2=+

« "Show that the probability is ...": substitute the limits and show the intermediate line.
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6. The variance, Var(X) (6 questions)

1. Find E(X) (by symmetry if you can).
2. Workout [ 22 f(z) dz over the interval.
3. Var(X) = [2%f(z) dz — {E(X)}*. Don'tforget to subtract the square of the mean.

Variations you will meet:

+ Find the domainfirst."f(z) = k(...) where f(z) > 0" means the interval runs between the roots of the
quadratic.

o

« "Show that Var(X) = ..."in terms of a letter, for example for aflat pdf f(z) = 1on0 < z < a: & —

a
2 2
a a

4 12°
7. Models in context: meaning, limits and repeated values (3 questions)

These questions put the pdfin a real setting (times, distances) and ask you to interpret it, as well as the usual
calculations.

1. Read the model: say in words what X measures, and what the ends of its interval mean in the setting.
2. One value: find a probability p for a single observation, as in type 5.

3. Several independent values: multiply. Both of two observations: p?. At least one of three: 1 — (1 — p)3.
The largest of three is more than c exactly when at least one of them is.

Variations you will meet:

« What the end points mean. Since f(z) = 0 outside the interval, its two ends are the smallest and largest
values the model allows. Say this in the setting: for a waiting time on 1 < x < 9 minutes, nobody waits less
than 1 minute or more than 9.

« Criticising the model. Give a reason tied to the setting, for example that the model rules out values
beyond the ends of its interval, or makes the graph a smooth shape that real data may not follow.

Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how many
marks.

+ M1 method mark: for a correct method, even if the numbers slip.
e A1l accuracy mark: for a correct answer; it needs the M mark before it.

« B1 mark for a correct result on its own, with no method needed.
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Example 1

The random variable X has probability density function given by

Fa) = {k(8—m3) 0<z <2,
0 otherwise,
where k is a constant.
(a) Show that k = 7. [3]
(b) Find P(X > 1).[3]
(c) Find E(X). [3]

(d) Two independent values of X are taken. Find the probability that both are greater than 1. [1]

2
(a) k/ (8 — z*) dz = 1. M1 forintegrating f(z) and setting it equal to 1.
0
.T4 2
k [8:1:— —] — k(16 — 4) = 12k = 1.
4]y

A1 for the correct integral with the limits, Al fork = 1—12 with the 12k = 1 line shown.

(b)

472
P(X>1) =~ [Sw—m—] _ 1 (12-%) - g — 0.354 (35.£)

M1 for integrating with limits 1 and 2, A1 for the correct values substituted, A1 for }1—;.

(c)

L[ 1 A 32\ 4
E(X)ZE/O(8:1:—:c4)dm:E[4m2—%] :E<16_€>:3'
0

(d) (4)* = 29 — 0,125 (3s.f). B1

Example 2

The random variable X has probability density function given by

faoy={z T2

0 otherwise.

(a) Show that k£ = 24. [2]

(b) Find E(X) and Var(X). [5]
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(c) Find the median of X . [3]

(a)

% E 1~ k
kztde=|—-——| =0+—=1 = k=24
/2 * v [ 3373]2 +24

M1 for integrating and using the limits 2 and oo, A1 with the step 2’“—4 = 1 shown.

(b)

> 121% 12
E(X)= [ 24z Pdz=|-=| ===3.
2 z? |,

M1A1l

o 4 > ) 2417
z - 24x *dx = 24z *dx = | —— =12.
2 2 T ]

M1 for integrating 22 f (). Var(X) = 12 — 3% = 3. M1 for subtracting the square of their mean, A1.

(c)

M1 for integrating from 2 to m and setting it equal to % A1 for a correct equation. Som? = 16and m =
V16 = 2.52 (3s.f.). Al

Example 3

The graph of the probability density function, f, of a random variable X is a straight line from (2, ¢) to (5, 4c),
where cis a positive constant. Elsewhere f(z) = 0.

(a) Find the value of c. [2]

(b) Show that f(z) = & (z — 1) for2 < z < 5.[2]
(c) Find E(X). [3]

(d) Find the median of X [3]

(a) The region is a trapezium with parallel sides c and 4¢ and width 3: %(c +4c) x 3 = % =1,s0c=
Al
4c —c

(b) Gradient = ——- = ¢ = Z M1Through(2,2):y— 2 = 2(z—2),s0 f(z) = Z(z — 1).A1

(c)

2 5, 2 [23 221° 2 /175 2\ 19

M1 for integrating « f (), A1l for the correct integral with limits 2 and 5, Al.
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(d)

2 (™ 1 m (m-1°-1 1
2 15 2

5/, (w—l)dm:1—5[(x—1)2}

M1 for integrating from 2 to m and setting it equal to 3. So (m — 1)* = 8.5and m = 1 + /8.5 (the negative
root gives m < 2, outside the interval). Al for a correct equation, Al form = 3.92 (3 s.f.).

The median is to the right of the middle of the interval (3.5), because the graph is higher on the right. The
diagram below shows the answers: the line with ¢ = 12—5 and the median splitting the area into two halves.

fx) a
0.6
(5, 4c)
0.4
0.2 5
(2,0 E
: 0.5 05 !
T ; 1 T ; =
o 1 2 3 4 5 X
median 3.915

Example 4

The random variable X has probability density function given by

(a) State the value of E(X), giving areason. [1]

(b) Find the value of k. [2]

(c) Find Var(X). [3]

(d) Find the value of d such that P(X > d) = 0.2.[3]
(e) Writedown P(4 —d < X < d).[1]

(a) The graph is symmetrical about z = 2,s0 E(X) = 2. B1

_ 93714
(b)k{u] :k<§+§>:@:1,sok:1—%.M1A1
5 ], "\373)7 73

(c) Expand: z%(z — 2)? = z* — 42® + 42>
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X — = —,
16 15 5

3[905 m4 4m3r_3 512 32
5 3 J,

M1 for integrating z* f (z). Var(X) = 22 — 2 = 42 = 2.4. M1 for subtracting 2%, AL.

= 0.2. M1 for the right-hand tail set equal to 0.2.

(m—z)T: 8—(d—2)°

(d) d is above 2. i [
3 i 16

16
(d—2)> =4.8,A1,s0d = 2 + V/4.8 = 3.69 (3s.f). Al

(e) By symmetry P(X <4 —d) =0.2too,soP(4—-d< X <d)=1-0.2-0.2=0.6.B1

Common mistakes

« Integrating f(z) when the mean needs z f (z), or multiplying by x? for the mean. Examiners see this
every year. Write E(X) = [ z f(z) dz before you start, and [ z? f(z) dz only for the variance.

« Forgetting to subtract { £(X)}? at the end of a variance.

» Losing the constant or a minus sign. Keep & (or %) in front throughout, and keep the brackets: —k(w —
2)(z — 6) and ¢ — d(z? — z) both need care when expanding.

» Wrong limits. Integrate only over the interval where f is not zero (not from 0 if it starts at 1), and don't
swap the limits round.

» Giving the mean of a symmetrical pdf as "the middle of the end points". The reason is symmetry of
the graph; say so.

+ Integrating when a sketch would do. Many symmetry and straight-line questions need only areas of
shapes. Draw the graph, label the known areas, and add or subtract them.

« Writing f(x) from a graph with the wrong sign of gradient or intercept. Check your line against the
picture: does it slope the right way, and cross where the diagram shows?

+ Keeping aroot outside the interval. A median or percentile must lie inside the interval. Reject the others
with a reason.

+ Assuming an area is symmetrical when it isn't. Only intervals the same distance either side of the line of
symmetry have equal areas. P(mean < X < median) or P(X > 2.5) on a graph symmetrical about
x = 3 needs working, not a guess from the picture.

+ Stopping one step early in context questions, such as giving the probability for one ball when the
question asks about the largest of three.

+ "Show that" with missing steps. The answer is given, so the working must be complete, including the

line with the limits substituted.

« Saying "the areais 1" but not "so f can be a pdf" when asked to verify; and f(z) > 0 must hold too.

How to get the marks

» Write the integral with its limits before integrating: the method mark is for integrating the right thing (f,
z f or z2 f) and the next mark is for the correct limits.
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« Show the substituted limits. In "show that" answers, one line with the numbers in is expected before the
given answer.

» "Write down" or "state" means no working is needed: use symmetry or the total area of 1.

+ "Without calculation” or "without performing an integration" means use the graph, symmetry or an
earlier answer; an integral may earn only part of the marks.

« "Hence" means use the previous part, for example the value of k or the probability just found.
« "Exact" means fractions, surds, 7 or In, no decimals. Otherwise give 3 significant figures.

« Checking that a median lies between two numbers needs both areas (or both values of the rearranged
expression) worked out, and a sentence saying why the median is between them.

e Reasons in words: symmetry for a mean, "f(:r) > 0 and total area 1" for a pdf, the context for a model's
weakness.

» Method marks follow through: a wrong k used correctly still earns later method marks, so keep going.

Quick check

1. The random variable X has pdf f(z) = kv/z for0 < 4, and 0 otherwise. Find k and E(X).

T <
2. The random variable X has pdf f(z) = ¢ (z + 1) for1 < z < 3, and 0 otherwise. Find the median of X,
giving your answer correct to 3 significant figures.

3. The pdf of X is symmetrical about = 5, and X takes values from 2 to 8 only. Given that P(X < 4) = 0.3
,find P(4 < X < 6)and P(5 < X < 6).

4. The random variable X has pdf f(z) = 4z® for0 < z < 1, and 0 otherwise. Find Var(X).

5. Explain why f(z) = %(33: —1)for0 < z < 2 (and 0 otherwise) is not a probability density function, even
though the area underitis 1.
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Answers

Lkfiade=kxix8=1%_1s0k=2 BX)=2 {2 ?de =2 x2x32=2—-24

2.1 [Ma+1)de = [(x+1)2]] = @ — 1 50 (m+1)2 = 10and m = v/10 — 1 = 2.16 (3s.£).
The other root is negative, outside the interval.

3. By symmetry P(X >6) =0.3,s0P(4< X <6)=1-03-03=04,andP(5 < X <6)=0.5—
0.3 =0.2.

4.E(X) = fol 4z* dx = % and fol 425 de = 2,soVar(X) = 2 — £ = 2 = 0.0267 (3s.f).

5.f(0) = —1,and f(z) < 0for0 < z < 3. A pdf can never be negative, so this is not a pdf.

Past questions to try

* 9709/62/M/J/24 Q7: a constant, verifying the median lies between two values, and an exact mean by
parts.

* 9709/62/0/N/24 Q6: a model in context, the meaning of its end points, constants from the mean, and the
median.

* 9709/62/M/J/23 Q7: straight-line pdfs read from graphs, the mean and a median.
* 9709/62/F/M/23 Q3: symmetry of the graph, a constant and the variance.
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