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What you need to know

By the end of this topic you should be able to:

1. Differentiate e*, In x, sin z, cos  and tan x, together with constant multiples, sums and differences of
them, and functions built from them with the chain rule, such as 65“1, ln(:c2 + 3), cos 4z or tan? z.

Angles are in radians.

2. Differentiate products and quotients with the product rule and the quotient rule, for example 23 sin

el‘

x4+ 4
3. Find and use % for a curve given parametrically (both x and y in terms of a third letter, such as ¢ or 6)

or

or implicitly (an equation mixing « and y that you don't rearrange into y = ...). Use it for gradients,

tangents and normals.

Everything from the Paper 1 Differentiation note still applies: gradients, tangents and normals, stationary
points and their nature. In Paper 2 you use those same methods with the new functions. Second derivatives

of parametric or implicit curves are not needed.

Understand it

A reminder from Paper 1

% is the gradient of the curve. Powers of z differentiate as ™ — nz" !, and a function inside a function
uses the chain rule: differentiate the outside, then multiply by the derivative of the inside,

dy_dyxdu
de du  dz’

This topic adds five new functions and three new rules. The chain rule is used in almost every question.

The exponential function

e ~ 2.718 is the one number for which the graph of y = e” has gradient equal to its height at every point. So
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With the chain rule, e*°™°thi"¢ differentiates to itself times the derivative of the something:

o el getv
° 617333_)_36173.%

2 2
o &l 4 2p et

e” is always positive, so e = 0 has no solutions. You will use this fact again and again when solving % =0.

The natural logarithm

4 (Inz) = =

dx

With the chain rule, In(something) differentiates to the derivative of the something, over the something:

a _ f'(=)
T2 In (f(z)) = o)

e In(5z —2) — (the 5 on top is easy to forget)

br — 2
2z
In(z? + 3) —
* In(z"+3) 2+ 3
7 1
e In7z — = which makes sense because In7z =1In7 + Inz, and In 7 is a constant.

1
Use the laws of logarithms first when they make things simpler: In vz +1 = % ln(ar: + 1) — m But
T

don't confuse (Inz)? with In z2. In2? = 2In z, which gives 2. (Inz)? is a bracket squared, so the chain rule

2lnzx

. 1
gives 2Ilnz x - = =

Sine, cosine and tangent

In radians,

d
%(sin x) = cosz, %(cos z) = —sinz, %(tan r) = sec’ z.

The picture shows why the first one is true. Wherever the sine curve is flat, at its tops and bottoms, cos x is 0;

where sine climbs steepest (through the origin, gradient 1), cosz = 1.
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gradient ©

gradient 1

L Ao

-1

gradient ©

These results only work in radians, so set your calculator to radians for every calculus question with

trigonometry.
With the chain rule:

e sin3x — 3cos3x
e cos(2x +1) — —2sin(2z + 1)
o tandx — 4sec?4x

. 9 . . C e .
e sin’z = (sinx)? — 2sin z cos x, which is sin 2z

e cos® 2z = (cos2z)® — 3cos? 2z x (—2sin2z) = —6 cos? 2z sin 2z
2 1 2 2 -
Remember sec” £ = 5 and sec” £ = 1 + tan” z. You often need one of these to simplify an answer or to
cos?zx
solve % =
T

The product rule

When y = ww is two functions of & multiplied together,

dy dv to du
— =u— —_
dz dz dz
In words: first times the derivative of the second, plus second times the derivative of the first. For

y = x3sinz, take u = 23 and v = sin z:

d
49y _ z® cosz + 3z’ sin .
dzr

Look out for products hidden inside a question, such as tInt, e cos 2z, or the term a;zy in an implicit

equation.

The quotient rule

U
Wheny = —,
v
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The order matters because of the minus sign: bottom times derivative of top, minus top times derivative

1
of bottom, all over bottom squared. For y = Tt 2:
m —
dy  (z—-2)(1)—(z+1(1) =3
dx (z — 2)? (x —2)%

Put brackets round every factor before you expand. Examiners see many sign errors from missing brackets

here. You can also write % as uv~! and use the product rule; either method earns the marks.

A fraction is zero only when its numerator is zero. So for stationary points of a quotient, set the numerator of

% equal to 0 and ignore the denominator.

Parametric equations

Sometimes a curve is described by giving  and y separately in terms of a third variable, a parameter, such

as t or @. Each value of ¢ gives one point (z, y). For example, z = 3t?, y = 2t3 gives the point (3,2) when
t =1and (12,16) when t = 2.

To find the gradient, differentiate each one with respect to the parameter and divide:

dy dy , dz
de dt ~ dt’
2
This is the chain rule again, % = %% X j—;. Here ‘fl—’t” = 6t and %’ = 6t2, SO % = % = t. The answer is in

terms of ¢, so to find the gradient at a point you need the value of ¢ at that point, not its = or y.

Ay

/ 0 = T (T, 4), gradient ©

41 /——— ==--

/ gradient 2 cot ©

0 =Y (Yam -1, 2)

/
4

/ dashed tangent, gradient 2

1 1 1
T T

0] VAl m 31/2 21

\ Ao

The tangent is horizontal where % =0 (and % = 0). It is vertical where % = 0.
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Implicit equations

An equation such as z3 + y3 = 9 describes a curve, but it is awkward or impossible to rearrange intoy = ...

. Instead, differentiate every term with respect to x, remembering that y is a function of x:

e atermin z only differentiates as usual: 3 — 3z2;

ldy

e aterm in y only uses the chain rule, so it gets a % on the end: y3 — 3y2fl—g, e — 262y§—z, Iny — Jdn’

dx
siny — cos y%;

e aterm with both  and y multiplied is a product: %y — 2zy + m2%;

¢ a constant differentiates to 0, including a constant on the right-hand side.

Then collect the % terms on one side and factorise. For 23 + y3 = 9:

dy 2

B dy_ T
de

3z® + 3y 0

dr 2’

At the point (1, 2) the gradient is —%. The answer contains both  and y, so you need both coordinates of the
point.

dy ; o N
When 7 isa fraction "

e the tangent is horizontal (a stationary point) where the numerator N = 0;

e the tangent is vertical (parallel to the y-axis) where the denominator D = (.

Either condition gives a link between x and y. Substitute that link into the curve's equation to find the actual
points (Example 4 does this for the curve above).

Key facts and formulas

"Given" means it is in the MF19 list of formulae in the exam. "Learn it" means you must remember it.
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Formula Status
d d 1 .
— (pT) — T — (1 N Given
d:z:(e) < dm(nm) x
d d .
— (sinz) = cosz, —(cosz)= —sinz, —(tanz) = sec’z (radians) Given
dz dz dx
d du dv ;
Product rule: — (uv) = v— + u— Given
d:I:( ) dz dx
vd_u — u@ Given
; d (u dx dx
Quotient rule: — (—) = =& Do
dr \v v?
dy dy dx Gi
Parametric: —— = — + — iven
de dt = dt
Chain rule: d_y = d_y X @ Learn
r du dz .
1t
d d f'(z)
— fl@) — g @ Zln f(x) = Learn
d
o sin(az + b) = a cos(az + b), and the same pattern for cos and tan Learn
z .
it
d dy d dy
Implicit: — = f/(y)==, for example — (y?) = 2y—= Learn
plicit: — (f(y)) = f'() 5 ple — (v?) = 2y—- N
d dy
_ — i Learn
75 (@y) =y +z- )
1
Tangent: y — y; = m(x — x1); normal gradient —— Learn
m .
it
d
Stationary point: d—y = 0 (for a fraction, its numerator = 0) Learn
z .
1t
d d
Tangent parallel to the y-axis: the denominator of d—y is 0 (d—:: = ( for parametric curves) Learn
T .
1t
sin’ z +cos’z=1, sec?xz =1+ tan’z, sin2x = 2sinz cos z, Given
cos2z =2cos?z —1=1—2sin’x
secx = ! Learn
cosT o
e >0foreveryz;lne =1;Inl = 0; ek =k Learn

it

How to do it

In the Paper 2 questions we have tagged for this topic (79 questions, 2021-2025; many appear in two or
three versions of the same exam, so there are 54 different ones), the types came up this often. 7 of the 79

questions mix two types, so the counts add up to more than 79. 28 of the 79 go on into another topic: an
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iteration from Numerical solution of equations, an area or integral from Integration, or the factor theorem
from Algebra.

Question type Questions
Stationary points of y = f(z) 27
Parametric equations 21
Gradients, tangents and normals of y = f(z) 17

Implicit equations 16

Find or show a derivative 5

1. Stationary points of y = f(z) (27 questions)

1. Differentiate, choosing the rule: product, quotient or chain rule, plus the five standard derivatives.
2. Set C%% = 0 and simplify.

o For a quotient, set the numerator to 0.

o Take out any common factor that can never be 0, such as e %, e* or %, and say it can't be zero: "

e®>0s0zx2—4x+3=0"
o With a square root or negative power, multiply through to clear it. For example, y = e 2z +5 gives
% = —e*(2z 4 5)/2 + e7%(2x + 5) /2 = 0. Divide by e~ and multiply by (2 + 5)¥/% —(2z +
5)+1=0,s0z =—2.
3. Solve. Common forms:
o e = ¢ take logs, z = % In ¢ (exact);
o a quadratic in € orin In z: let u = €* (or u = In ), solve, and reject e* < 0;

o trigonometric: use an identity to get one ratio. For example sin 2z — sin z = 0 becomes
sinz(2cosz —1) =0;0ra+ bsec? kx = 0 gives cos? kz. Give angles in radians and find every
solution in the interval.

4. Find y by substituting each z into the curve's equation. Give exact values if asked ("exact" means e, In,

surds and 7 stay in).

2
5. Nature, if asked: the sign of g—x?é, or the sign of % either side, exactly as in Paper 1.
Variations you will meet:

¢ "Show that the z-coordinate satisfies x — ...", followed by an iteration. Set % = 0, clear fractions, and
rearrange step by step until you reach the printed equation. For example, % (zln(2z +1)) —1=
In(2z + 1) 4+ 522 — 1 = 0 rearranges to In(2z + 1) = 5-15. The iteration itself belongs to the
Numerical solution topic.

e "Show by calculation that the stationary point lies between a and b": work out % (or its numerator) at

a and at b and show the sign changes. Values of y itself prove nothing here.

¢ "Show that the curve has only one stationary point." Solve completely and explain why the other
factors give nothing: e* # 0, e* + 4 > 0, a quadratic with negative discriminant, or a root outside the

domain.
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e Maximum or minimum points marked on a diagram, sometimes with an area to find afterwards by

integration. Find both coordinates, and check which root matches the point on the diagram.

e Several points in a range such as 0 < z < 27 list them all, and no extra ones.

2. Parametric equations (21 questions)

1. Differentiate: find ‘fl—f and % separately. Each may need the product, quotient or chain rule.

2. Divide: % = % = ‘fi—f, the y derivative on top. Simplify, clearing any fraction inside a fraction.

3. Find the value of ¢ at the point you want. Then substitute it into %, and into = and y if you need the
coordinates.

4. Finish as the question asks: a gradient, a tangent or a normal.

Variations you will meet:

e "Show that % = ..."in a given form. Expect to use identities: sec? § = 00:2 51 sin?@ = 1 — cos? 6,
sin 260 = 2sin 6 cos f, cos 20 = 1 — 2 sin? 6. Example 3 shows one.

¢ The point is described, not given by t. "Where the curve crosses the y-axis": solve x = 0 for t. "Crosses
the x-axis": solve y = 0 (often it factorises, such as sin 0(2 cos § — 1) = 0). "The point where z = In 4"

use log laws, such as In(t + 5) — Int = In4 = %"—5 = 4. Use the given range of t to reject values.
¢ A point given by its coordinates, such as (a,1n 100): use the coordinate you know to find ¢ first.
e Stationary points: solve % = 0 (for example, tan 2t = k from sin and cos terms), then find z and y.
¢ The gradient equals a given value, such as % = 2: form the equation in ¢ and solve it. It may become a

polynomial to factorise with the factor theorem (then show the other factor has no real roots, so that point
is the only one), or an equation to solve by iteration.

¢ An unknown constant such as ¢ = k tan t: the gradient of the normal (or tangent) at a known point gives

an equation for k.
¢ A line meets the curve: substitute z(¢) and y(t) into the line's equation and solve for t.

¢ Increasing or decreasing: if % is positive for every allowed t (for example a square times a positive
constant), y increases as x increases, so the curve is an increasing function.

3. Gradients, tangents and normals of y = f(xz) (17 questions)

1. Differentiate with the right rule.

2. Find the x-coordinate of the point. If the point is described (on an axis, or marked on a diagram), solve for
it first.

3. Substitute into % for the gradient m. For a normal use —%.

4.Use y — y1 = m(z — 1) and put the line in the form asked for.
Variations you will meet:

e Where the curve crosses an axis. x = 0 is easy. For y = 0 you must solve: Inz = 0 gives z = 1;

T

(Inz)? —3lnz =0giveslnz = 0or3,soz = lore 3e * — e” = 0 gives e** = 3,s0z = $ In3.

Don't divide by In z, or you lose the root £ = 1.
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e Exact gradients such as —3e % or1 + 5. keep e, Inand m,and uselne =1, eh? =9,

¢ The gradient has a given value, such as "the gradient at P is 6": set j—g = 6 and rearrange, often into an

equation for iteration.

¢ Form of the answer: "ax + by 4+ ¢ = 0 where q, b, c are integers" means clear all fractions; "y = mz + ¢
where m and c are exact" means keep surds or e.

4. Implicit equations (16 questions)

1. Differentiate every term with respect to z. Terms in y get X %; products such as z In y or €?*y use the

product rule; constants (on either side) become 0.
2. Collect the f—lg terms on one side, factorise, and divide.

3. Substitute both coordinates of the point. If you know only one coordinate, find the other from the curve's
equation first.

4. Finish: gradient, tangent or normal.

For example, 2% + 4zy — y?> = 11 at (2, 1):

dy dy dy 2x+4y 8 4
2 4y + dx— — 2y— = — = = — = ——.
YAyt Tz Yz 0= de 2y—4r —6 3

Variations you will meet:

¢ "Find the gradient at the point where y = 0™ substitute y = 0 into the curve's equation to get z, then
both into g—y.
T
e Tangent or normal at a point, in a stated form, sometimes with exact values such as e?.

e Stationary points: set the numerator of % to 0. This gives a link such as y = 3z or e = 4; substitute it
into the curve's equation to find the points.

e "Show that the curve has no stationary points™ do the same, and show the result is impossible, for

example a negative number equal to a positive one, or e?® = .

e Tangent parallel to the y-axis: set the denominator to 0 and substitute into the curve's equation. If the
denominator is a sum of things that can't be negative, such as 3z2 + 2¢Y, it is never 0, so there is no such
tangent.

¢ "Show that there is no point on the curve with y = k™ this needs no calculus. Substitute y = k into
the curve's equation and show the equation in x has no real roots (a negative discriminant, or a
completed square).

5. Find or show a derivative (5 questions)

1. Rewrite if it helps: tan® 1z = (tan %w)2, sin? 3z = (sin 3z)%
2. Differentiate with the chain rule (and the product rule if needed), then substitute the value asked for.

3. "Show that": rearrange with identities to the given form, showing each step. For example, ;ix (tan3 w) =

3tan? zsec? z = 3tan’z(1 + tan® z) = 3tan’z + 3tan’ z.

These are usually part (a) of an integration question: the result tells you what to integrate in part (b).
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Worked examples

The bold codes show where marks are earned, as in Cambridge mark schemes. The number is how

many marks.

e M1 method mark: for a correct method, even if the numbers slip.
e A1 accuracy mark: for a correct answer; it needs the M mark before it.

o B1 mark for a correct result on its own, with no method needed.

Example 1

3z
x2+5

A curve has equation y =

(a) Find the equation of the normal to the curve at the point where & = 1. Give your answer in the form az +
by + ¢ = 0, where a, b and c are integers. [5]

(b) Find the exact coordinates of the stationary points of the curve. [3]

(a) Quotient rule with w = 3z and v = 22 + 5:

dy (2 +5)(3) —3z(2z) 15— 3z?
dz (22 +5)2 T (22 +5)?

M1 for using the quotient rule, A1 for the correct derivative.
Athlzy:%:%andg—g:%:%.m
The normal has gradient —3. M1 for using —% through (1, %)
1
vy 3 =-3x—-1) = 2y—1=-6z+6 = 6x+2y—7=0.

A1l

(b) The numerator is zero: 15 — 322 =0, so0 22> = 5. M1

m:\/gora::—\/g.m

3.5 35
Atm:\/g:yzl—\é_.Atm:—\/g:y:—l—\(/)_.A1

The stationary points are (\/5, ‘%?) and (—\/5, —‘%@).

Example 2

A curve has equation y = (z? — 3)e”.

(a) Find the exact coordinates of the stationary points of the curve. [5]
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(b) Determine the nature of each stationary point. [3]

(a) Product rule with u = 22 — 3 and v = e*:

d
ﬁ =2ze” + (z* — 3)e” = e%(z® + 2z — 3).

M1 for the product rule, A1 for the correct derivative.

e® > 0 for every z, so z? + 2z — 3 = 0, that is (z + 3)(z — 1) = 0. M1 for taking out e and solving the

quadratic.

z=—-3orx =1 A1

Atz =-3:y==6e 3. Atz = 1:y = —2e. Al

The stationary points are (—3, 68_3) and (1, —2e).

(b) Differentiate e® (.’v2 + 22 — 3) with the product rule again:

d2
d_z =e%(2z + 2) + (2* + 2z — 3) = e%(z® + 4z — 1).
z

M1 A1

Atz = —3: LY — e3(9—-12—-1)=—4e3<0,s0 (—3,66*3) is a maximum. At z = 1; ﬁ% =4e > 0, so

*y
dz dz
(1, —2e) is a minimum. A1 for both, with the values.

Example 3

A curve has parametric equations

r =20 —sin20, y=4sin’f, for0 <0 <.
(a) Show that d_y = 2cot 0. [4]
dx

(b) Find the equation of the tangent to the curve at the point where 8 = ;117r. Give your answer in the form

y = mx + ¢, where m and c are exact. [3]

(c) Find the exact coordinates of the point on the curve at which the tangent is parallel to the x-axis. [3]

(a) % =2 — 2cos26.B1

d
y = 4(sin 6)?, so d_z = 8sin 0 cos 0 by the chain rule. B1

Divide, and use cos 20 = 1 — 2sin? 6 in the denominator: 2 — 2cos 20 = 2 — 2 + 4 sin® § = 4 sin 6. M1

@ B 8sinf cos b B 2cos 0

= = = 2cot .
dx 4sin2 0 sin @ o

A1, the given answer with every step shown.
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(b) At 0 = iﬂ:x: %W—sin%ﬂ':%w—landy:4(%)2:2.31
Gradient = 2 cot ;1171' = 2. M1 for the line through the point with this gradient:
y—2:2(m—%7r+1) = y=2z+4—m.
A1l
(c) Parallel to the z-axis means % =0:2cotf =0, so cosf = 0. M1
In 0 < @ < 7 this gives 6 = %71'. A1l
€ =7 —sinm =7 and y = 4sin® L7 = 4, so the point is (, 4). A1
The second diagram in "Understand it" shows this curve, the tangent from part (b) and the top of the arch

from part (c).

Example 4

A curve has equation e*y? — 4z = 4.

dy 4 — e"y?
(@) Show that — = ——. [4]
dx 2eTy

(b) Find the coordinates of the stationary points of the curve. [4]
(c) Find the coordinates of the point on the curve at which the tangent is parallel to the y-axis. [2]

(a) Differentiate every term with respect to z. The first term is a product, e x y2. M1 for the product rule:

d 2 2 dy
dm(ey) ey +e X yd:l:

Al
The other terms: —4x — —4, and the constant 4 — 0. B1
e“y* + 2e$y% -4=0 = 2e””yj—z =4y’ = % = 4—;;;?/2.
A1, the given answer.
(b) Stationary points: the numerator is 0, so e$y2 =4. M
Substitute into the curve's equation: 4 — 4z = 4. M1
So z = 0. A1 Then e’y? = 4 gives y = +2. The stationary points are (0,2) and (0, —2). A1
(c) Parallel to the y-axis: the denominator is 0, so 2e*y = 0. Since e* > 0,y = 0. M1

Substitute: 0 — 4z = 4, so x = —1. The point is (—1,0). A1

The third diagram in "Understand it" shows this curve with all three points.
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Common mistakes

e Losing the chain-rule factor. In(3t¢ + 1) differentiates to 3;3? not ﬁ; tan 3z — 3sec? 3z, so

5tan 3z — 15sec? 3x; sin 4t — 4 cos 4t. Examiners report these missing numbers almost every session.

e Not spotting a product. ¢ Int, 2237, e~ sin 3t and 2e®y are all products. Differentiating only one part
loses nearly every mark.

e Treating (Inz)? as 2Inz. That law is for In 2%, (Inz)? needs the chain rule: 2222,

* Dividing by something that could be zero. Dividing (In 33)2 —b5Inxz = 0 by Inz loses x = 1. Factorise
instead.

e Bracket and sign errors in the quotient rule. Write the rule out with brackets round every factor, and
keep "bottom times derivative of top" first.

o Implicit slips: forgetting that the constant on the right differentiates to 0 (it must not stay in the
equation), leaving f—% off a y term, or starting the line with "% =" before differentiating, which then gets
mixed into the working.

e Stopping at the tangent's gradient when the question asks for the normal. Read the last line of the
question again.

o Degrees instead of radians. Calculus with trigonometry is always in radians. If an iteration or a gradient
gives strange numbers, check the calculator mode.

e Ignoring the given range. Solving sin 6 = —;11 when 7 < 0 < %w needs the angle in that range, not the
calculator's first answer. Likewise check whether ¢ or x must be negative for the point on the diagram.

¢ Decimals when "exact" is asked. z = In3 and y = 4e~? are exact; 1.10 and 0.541 are not.

¢ Using the curve instead of the derivative to show a stationary point lies in an interval. The sign change

must be in Z—y.
i

¢ Not explaining why a factor gives no solution. In "show that there is only one stationary point" you

must say e” # 0 and, for example, e* +4 > 0.

¢ Using the wrong value for the gradient. "The gradient is 1" means set %‘Z =1, not 0.

How to get the marks

o Show the derivative before you use it. Most questions give a method mark for using the right rule
(product, quotient or implicit) and accuracy marks for each correct part, even if the answer later goes

wrong.
e Parametric: write fli—f and %% separately, then the division. Don't simplify both at once in your head.

e Implicit: write the whole differentiated equation, "... = 0", before rearranging. Mark schemes award the

product-rule term, the chain-rule term and the equation separately.

e "Show that" answers are printed on the paper, so the marks are for the steps. Show the identity you use

and every line of rearranging; the last line must match exactly.
e "Exact" means e, In, surds, fractions and 7 in the answer. Simplify with Ine = 1 and e** = k.

e "Hence" means use the previous part, such as the derivative you were asked to show.
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e Accuracy: non-exact answers to 3 significant figures unless told otherwise; angles in radians (for example

x = 0.742), unless the question uses degrees.

e Stationary points: "find the coordinates” means both x and y; give every point in the range and no extra
ones.
e Lines: give the form asked for, such as integer coefficients or y = mx + c. A correct line in the wrong

form usually loses the last mark.

e Method marks follow through. A wrong gradient, used correctly in a tangent or normal, still earns the

method mark, so keep going.

Quick check

el‘
2z +1
2. Find the exact gradient of the curve y = z tan x at the point where = i’/’l’.

1. Differentiate: (a) y = z3e72%; (b) Y=

d
3. A curve has parametric equations z = 2 ln(t + 1), Yy = 2 — 4t, fort > —1. Find d—y in terms of ¢, and
T
find the exact coordinates of the stationary point.

4. Find the equation of the normal to the curve 22 + 3zy + y? = 11 at the point (1,2). Give your answer in

the form ax + by + ¢ = 0 with integers a, b, c.

5. Find the exact z-coordinates of the stationary points of the curve y = = — 2In(z? + 1).
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Answers

d d
1. (a) Product rule: 22 = 3222 + z3(—2e~%) = z2e2%(3 — 2z). (b) Quotient rule: C

(2 +1)e® —e® %) _e(2x—1) v
(2z + 1)2 2z +1)27
Z.E:tana:+:vsec2m.Ata::}Iw:taniw:landse(? i7r22,sothegradientisl+%7r><2:1—i-
L
dx 2 dy dy 2
3. — = — =2t—1 — =2t—4)+——=(t—-2)(t+1). Iti hent =2 (t=—1
7 t+1and 7 /80— ( ) P ( )(t + 1). Itis 0 when (
is not allowed). Then z = 21n 3 and y = —4: the point is (21n 3, —4).

d d d 2z + 3
4.2z + 3y + 32=2 1 2y — Y i

1 T 0, so dz = 3zroy - 7 at (1,2). The normal has gradient £:y —
2:§(m—1),so7m—8y+9:0.
dy 4z 9 .
5, —=1-— =0,s0z“+ 1 =4z, thatis x —4x+1=0.S0z=2—+V3orz=2++3.
dx z? +1

Past questions to try

9709/23/M/J/24 Q4: the normal to a parametric curve, with trigonometric derivatives.

9709/21/M/J/22 Q4: the normal to an implicit curve, with integer coefficients.

9709/21/M/J/22 Q6: stationary points of a quotient that factorises in e”.

9709/22/F/M/22 Q7: an implicit curve with no stationary points and a tangent parallel to the y-axis.

pastopic.com/cambridge/mathematics-9709/notes/differentiation-p2 Page 15 of 15


https://pastopic.com/cambridge/mathematics-9709/questions?paper=2&year=2024&session=may-june&variant=3&q=04d35085-d6cc-40ef-b60e-74e62beabb49
https://pastopic.com/cambridge/mathematics-9709/questions?paper=2&year=2022&session=may-june&variant=1&q=83cb76c6-1587-4eb3-9543-10ebd91701f0
https://pastopic.com/cambridge/mathematics-9709/questions?paper=2&year=2022&session=may-june&variant=1&q=03a0f22a-5212-4f8d-b7cb-ee710769edd4
https://pastopic.com/cambridge/mathematics-9709/questions?paper=2&year=2022&session=feb-march&variant=2&q=31b2e819-3e5a-4416-b1de-9af6f8227ade

	DifferentiationAS
	What you need to know
	Understand it
	A reminder from Paper 1
	The exponential function
	The natural logarithm
	Sine, cosine and tangent
	The product rule
	The quotient rule
	Parametric equations
	Implicit equations

	Key facts and formulas
	How to do it
	1. Stationary points of  (27 questions)
	2. Parametric equations (21 questions)
	3. Gradients, tangents and normals of  (17 questions)
	4. Implicit equations (16 questions)
	5. Find or show a derivative (5 questions)

	Worked examples
	Example 1
	Example 2
	Example 3
	Example 4

	Common mistakes
	How to get the marks
	Quick check
	Answers
	Past questions to try



